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ABSTRACT 
A thin plate containing a centrally located hole can experience 
a local buckling in the vicinity of the hole when subjected to a uni-
axial tension. From a stability viewpoint this problem involves a 
nonuniform prebuckle stress state. The solution of the problem of 
interest necessarily includes consideration of moderately large deflec-
tions of multiply connected plates. The Karman plate formulation is 
extended to include multiply connected plates. The difference between 
the simply and multiply connected formulations is the presence of a set 
of auxiliary conditions which must be satisfied on each internal 
boundary. Restrictions that are applicable to the modeling of this 
class of problems are presented and discussed. 
The coupled, nonlinear Karman equations may be linearized under 
some circumstances and it is shown by an examination of the properties 
of the resulting uncoupled equations that a Southwell type load-displace-
ment relation can be obtained. The limit of applicability of this 
extended Southwell technique is shown to depend on the extent to which 
middle surface stretching due to bending influences the load-defleetion 
response. 
A complex variable solution for the prebuckling stress distribution 
in the vicinity of a hole in an infinite sheet is developed and presented. 
Results of a photoelastic stress analysis for the stress distribution in 
finite width plates subjected to uniaxial tension are presented and 
compared "with the complex variable solution for the same hole geometries 
in infinite sheets. The effect of finite plate width on the region of 
compression is discussed. 
The extended Southwell method is used as a basis for an experi-
mental study of the local buckling behavior of tensioned sheets with 
slots. The parameters of interest are the plate thickness to slot 
length ratio, the slot height to slot length ratio, and the slot length 
to plate width ratio. A comparison of trends observed in the stress 
analyses shows that plate width effect is not a factor over the ranges 
of parameters investigated. The data are analyzed on the basis of these 
observations and an empirical relation is obtained for the tensile stress 
which produces local buckling. This relation is shown to apply to the 
data obtained for this dissertation and also to the results presented by 
other investigators. Limits of applicability of the empirically derived 




Cut-Outs in Aircraft Structures 
There are many features of modern structures which continually 
present new and challenging problems to the designer and engineer. The 
opening, although it has been a part of man's structures throughout 
civilized history, is still considered a major engineering problem in 
structures today. 
The importance of the opening or cut-out in structures extends 
beyond the obvious function as a point of ingress and egress for people 
and material. The design of modern structures, whether they be bridges, 
skyscrapers, ships, or airplanes, must be based not only on static 
criteria, but also on weight and dynamic considerations. The cut-out 
is one of the basic means which the designer can use to alter these 
characteristics. One can, for example, alter the dynamic characteristics 
of a structural element while still maintaining a constant weight by 
introducing a reinforced cut-out into a simple element. The cut-out 
can also be used to optimize the weight to strength characteristics of 
a structural element. This use of the cut-out was explored in an ex-
tensive series of tests conducted by the U. S. National Bureau of 
-x-
Standards [1]. These tests were designed to determine the optimum use 
Numbers in brackets refer to references. 
of cut-outs in the cover plates of "built-up "beams. 
As one might suspect, the use of cut-outs involves more than 
just technical considerations. The technology developed by man has 
become complex, and often psychological factors may be involved in de-
sign decisions. For example, confinement in closed quarters with no 
view of the exterior surroundings is unbearable for many people. Recog-
nizing and accepting this, aircraft designers continue to place windows 
in the passenger sections of fuselages even though they add significant-
ly to the overall weight and stress concentration problems. The problems 
associated with passengers' fears fears and the methods of relieving them 
have been described by R. A. McFarland [2,3]. Whether or not the passen-
ger would accept travel in windowless supersonic planes was recently, in 
fact, the subject of much debate. The difference in opinion regarding 
the feasibility of windows in supersonic transports can be shown by 
excerpts from two papers presented in i960 at the Fifth European Congress 
of Aviation Medicine, London, England. C. S. R. Marshall [̂ ] writes: 
High aircraft skin temperatures and the necessity for 
insulations and pressurization makes the use of transparencies 
a major engineer-problem. For this reason ... the passenger 
cabin will be windowless. 
On the other hand, P. G. Masefield [5] writes: 
On the window question I may say here both as an ex-airline 
operator and as a long time air traveler, that anyone who 
suggest(s) that a supersonic airline should be built without 
passenger cabin windows will have to think again. 
The above statements indicate that the problems caused by cut-outs 
are neither trivial nor can they be ignored. 
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The development of the types of structures used in aircraft has 
been outlined "by Nicholas J. Hoff in two excellent papers [6,7]- The 
first of these appeared in 19^6 and the second in 19&7- Ttle hasic type 
of aircraft structure used today had been established ~by the time Hoff 
wrote the first of these historical accounts. During the period between 
the writing of these two papers, the structure was refined and much 
work was done in the fields of both theoretical and experimental stress 
analysis. 
Hoff points out that the basic operational requirements, such 
as speed, altitude, maneuverability, etc., that are placed on aerospace 
vehicles strongly influence the details of the structural design of 
the vehicle. For instance, a major breakthrough in structural design 
was the remarkable discovery of Wagner [8] that sheets could serve as 
satisfactory structural elements even after buckling. It became 
necessary, however, to eliminate sheet buckling on exposed panels if 
the performance specifications included speeds near the speed of sound. 
At these speeds the drag created by buckled sheets is intolerable. In 
space-flight, on the other hand, where atmospheres are not encountered, 
the use of buckled sheets as structural elements can again be applied 
to great advantage. 
As the modern aircraft structure evolved to a stressed skin, 
monocoque or semi-monocoque construction, the problems associated with 
the presence of cut-outs became evident. In these types of structures 
the skin carried all or some of the in-plane loads as well as pressure 
type loads. Failures caused by the development of fatigue cracks in 
the skin became more and more frequent, and it was observed that often 
k 
these cracks propagated from a cut-out or other form of discontinuity. 
As new methods of construction were developed, new materials 
were introduced into aircraft structures. Wood, which initially was 
the chief aircraft material, was not suited for large scale production 
of the stressed skin aircraft. Obvious needs were thus created for 
high strength yet relatively light metal components. Some of the 
problems encountered during this period of transition are discussed by 
H. J. Pollard [9]» Of special interest in this latter article are the 
figures which show sheet specimens with central, reinforced holes that 
had buckled under the application of externally applied shearing forces. 
The aircraft designer usually tries to determine an optimum 
design. The presence of cut-outs makes this an impossibility in 
actual practice. F. R. Shanley [10] expresses these views concerning 
the cut-out: 
One well-known source of non-optimum weight is the 'cut-out'. 
Any discontinuity in the structure tends to require additional 
reinforcing material. Removable doors or cover plates generally 
increase the weight beyond the optimum value. 
The design of cut-outs in the early days of stressed skin type 
structures could hardly be called optimum. It is interesting that the 
basic concept of reinforcing to eliminate the effect of the cut-out is 
present in even the modern concept of "neutral holes" to be discussed 
later. The design practice in 1935 as given by J. E. Younger [11] was: 
The bracking and reinforcement about the windows and doors 
must be such that the distortion of the ring about the opening 
will not be greater than the distortion of a similarly placed 
ring on the sheet metal if the opening did not exist. 
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A few years later E. E. Sechler and L. G. Dunn [12] made these comments: 
Methods are not available for calculating the exact 
influence of such cut-outs on the stress distribution. 
The usual procedure is to make an analysis "based on the 
elementary "beam theory with suitable allowances for the 
material at or near the cut-outs, which is not fully 
effective. 
The continued need for further evaluation of the effects of the 
stress distribution around cut-outs caused many reports to be written 
on the subject. G. Henson [13] reported test results conducted on 
large (100.6" outside diameter) circular cylinders loaded in compression 
in 1952. These tests were designed to show the effect of a cut-out on 
skin buckling. Hoff, et al. [1̂ 4—21] had previously looked at this pro-
blem in smaller cylinders under several loading conditions. These 
studies, though interesting, were not sufficiently comprehensive and 
the same problem is still being studied today (see, for example, the 
report by F. Brogan and B. Almroth [22]). 
Certain design problems arise in aircraft with large cut-outs 
which are necessary for under-carriages, bomb-bays, or the wing fold 
joints in naval aircraft. These problems concern the diffusion of 
stresses into the panels surrounding the cut-out from the stiffened 
structure in the neighborhood of the cut-out [23]. The methods of 
analysis available ("Finite Stringer" or "Stringer Sheet") in the 
early 1950's led to conflicting descriptions of the stress distributions 
in panels adjacent to such cut-outs. L. W. Brown [2̂4-] undertook an 
experimental investigation which proved to be very revealing in that 
neither theoretical method gave results which agreed well with what 
actually was o"bserved in the neighborhood of a corner. Of special 
interest to the research described in this dissertation are the large 
compressive stresses which Brown noticed along the edge of the panel. 
These were, in fact, observed to "be large enough to cause local "buckling 
along the panel edge when the edge stiffener was removed. This behavior 
is described by Brown and a discussion of the effect of the end fixity 
of this stiffener is given in one of the conclusions of that paper. 
Figure 1 indicates the panel tested and the type of loading applied. 
/ / / / / / / / / / / / / / / 
Tens i le 
Load 
Tens i le 
Load 
Figure 1. L. ¥. Brown's Test Panel 
S t r e s s e s Around Cut-Outs 
The s t r e s s e s i n p l a t e s wi th cu t -ou t s cannot be p r e d i c t e d by a 
simple s t r e n g t h of m a t e r i a l s type of a n a l y s i s . The d i s t r i b u t i o n of 
the s t r e s s e s i s u s u a l l y a r a p i d l y varying funct ion of p o s i t i o n in the 
neighnorhood of the c u t - o u t . The e f f ec t of a cu t -ou t on the s t r e s s 
distribution is local in nature if the size of the cut-out is small 
in relation to the plate dimensions. Most of the attention of investi-
gators has been focused on the stress concentration created by the cut-
out. In these studies the objective has been to develop a solution for 
the stress field in the neighborhood of the cut-out and then to evaluate 
the hoop-stress along the cut-out boundary. 
The first such solution was obtained by G. Kirsch [25] in 1898 
for a circular hole in an infinite plate under uniaxial tension. The 
solution has become a standard example in most books on the theory of 
elasticity. It is based upon the superposition of two stress fields 
in order to satisfy the boundary conditions on the edge of the hole. 
The solution for a circular hole in a tensile field in a finite width 
strip was obtained in 1929 by R. C. J. Howland [26]. 
In 1937 H. Neuber [27] wrote a book in which he presented a 
unified treatment of stress concentration problems. His nomographs are 
still used today by many engineers and designers who must consider 
stress concentrations. An extremely good review of stress concentra-
tions was given by H. Neuber and H. G. Hahn [28] in the March 1966 
issue of the Applied Mechanics Review. 
In 1909 the Russian mathematician, G. V. Kolosov [29] applied the 
method of complex variables to the theory of elasticity. He used this 
method to solve the problem of the stress distribution in an infinite 
plate with an elliptic hole under uniaxial tension. The Russian 
mathematician and elastician, N. I. Muskhelishvili [30] introduced the 
use of conformal mapping, and developed procedures which made it possible 
to solve a great number of problems in an elegant and efficient manner. 
The primary problem in the use of this method is the selection of a 
suitable mapping function. For many practical problems it is difficult 
and sometimes impossible to obtain exact mapping functions. In such 
cases a truncated series can, however, often be utilized. 
As an extension of the previous work, J. R. M. Radok [31] has 
proposed a complex variable method that uses variational procedures 
instead of conformal mapping to represent the hole boundary. L. S. D. 
Morley [32] also has developed a variational procedure and has been 
able to include reinforcement effects. The disadvantage of these 
methods, however, is that convergence is not guaranteed unless a proper 
set of curvilinear coordinates is chosen (see Chen Lin Si [33]). 
Choosing these coordinates usually represents as difficult a task as 
the original one of finding a conformal mapping function. A pertur-
bation technique has been used by E. F. Low and Wen F. Cheng [3̂ -] and 
suitable results were obtained for the hoop stresses around some simple 
hole contours. For the problem of more complex shapes, however, the 
convergence of the latter method can be very slow, and it is difficult 
to determine when enough terms have been used. 
Howland succeeded in deriving a fairly good solution for the 
stress distribution in a finite width plate with a circular hole by 
an interation process. The same procedure has been proposed by G. N. 
Savin [35] for use in the complex variable theory for other than 
circular hole. The application of this procedure, however, is extremely 
tedious and convergence is slower and slower as the size of the hole 
increases. For this reason most available solutions are for infinitely 
wide plates. In practice it has been found that these solutions give 
acceptable results if the maximum dimension of the hole is less than 
one-fourth the plate width [36]. 
There are quite a few papers in the literature dealing with the 
experimental determination of stresses in a sheet with a hole. Again, 
however, most of these are confined to a determination of hoop stresses. 
The papers in this area of primary interest are photoelastic studies 
of sheets with various kinds of holes [37? 38? 39? -̂0, ^-1]. 
In addition to discussions of stresses in plates with holes., 
many papers have appeared in which the effects of reinforcement have 
been included. Of particular interest is the concept proposed by 
E. H. Mansfield [̂-2] for designing a hole reinforcement which produces 
a so-called "neutral" hole. That is, the stress distribution is essen-
tially unchanged by the presence of the hole. This would be ideal if 
there were no other factors to consider. For example, while in theory 
the "neutral" hole can be defined for any particular type of loading, 
the hole is no longer "neutral" if the external loading conditions 
change. Also the theoretical distribution of stiffness required to 
create a "neutral" hole is not always obtainable in reality. Several 
authors, including Mansfield [̂ -3]? have recently used this idea with 
some modifications to help in the optimum design of cut-outs in air-
craft structures. 
The effect of curvature on the stress distribution around cut-
outs in curved panels and shells has not yet been fully resolved. 
Several authors [hk9 k-5, hG~\ have expressed the opinion that curvature 
effects are small if the hole dimensions are small in comparison to the 
radius of curvature of the panel. D. S. Houghton and A. Rothwell [̂-6] 
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included this conclusion in a paper in 1961 and they appeared to agree 
with previous investigators. Further studies by Houghton and Rothwell 
[J+7] have shown, however, that the curvature effect can "be very signi-
ficant under certain conditions of loading (i.e., shear, biaxial load, 
or internal pressure). 
Local Buckling in a Tensioned Sheet 
As has already been observed, the objective of most analyses is 
the determination of hoop stresses or simply the maximum stress. Many 
investigators, in fact, consider it superfluous to obtain the entire 
stress distribution. This disregard for the total stress distribution 
was discussed by R. E. Peterson in the William M. Murray Lecture, i960 
[U8], Peterson remarked that in order "... to understand the strength 
behavior of members under service conditions, one must consider the 
stress distribution as well as the maximum stress." He cited as two 
reasons for this, (l) the effective utilization of surface hardening, 
and (2) the analysis of the behavior of notched members. 
Peterson's remarks were made ten years ago and yet to date little 
progress has been made in regards to number (2) above for the case of 
internal notches. Many studies that have been undertaken begin, in 
fact, by ignoring or restraining some of the possible modes of behavior. 
An example of the type of behavior alluded to is the buckling 
in the region of compressive stresses around a hole in a sheet loaded 
in tension. Although it is entirely reasonable to anyone studying the 
stress distribution in such sheets that buckling might occur, the 
difficulty of predicting the buckling load has, to a large extent, 
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encouraged workers to circumvent the problem "by various means. 
Some of the difficulties which are encountered in an analysis of 
the problem are: 
(1) a nonuniform prebuckle stress state, 
(2) an undefined boundary of the buckled region. 
The only mathematical treatments of this problem have been the 
work of G. P. Cherepanov [k-9, 50] and that of D. A. Pellett, et al. [51]. 
Cherepanov*s solution was for a membrane, that is, a plate with zero 
flexural regidity. Cherepanov*s comment concerning a finite flexural 
rigidity was that "... the problem of buckling for a plate with a finite 
flexural regidity at this time presents apparently insurmountable diffi-
culties of a mathematical and even more fundamental nature." By limit-
ing his analysis to a membrane, Cherepanov was able to derive a solution 
that described the boundary of the buckled region. The buckled region 
is this case was related to the property which states that a membrane 
cannot support a compressive stress. The only result which he obtained 
in closed form was for a long slot or crack. 
Pellett, et al., presented an energy type solution for an 
infinite plate with a circular hole. By assuming a suitable deflection 
function and using the membrane stress values of Kirch [25] , an eigen-
value problem was formulated and solved by use of a digital computer. 
The problem of buckling of plates with holes and loaded in 
uniaxial tension has been well documented in experimental investigations. 
Most noteworthy of these studies are those which appear in the litera-
ture on crack analysis [kl^ 52, ^>h, 5̂ -? 55] • The extent of influence 
of buckling on fatigue and crack propagation rates, though considered, 
has not "been clearly established. It has been observed, however, that 
there is a significant effect on the static strength of cracked sheets 
which are not restrained from buckling [Ul]. 
Results of other experimental studies have also been presented 
by J. F. Danis [56] on a circular hole and by W. L. Bingham [57] on 
a rectangular hole with rounded corners. Pellett indicated that Danis' 
results were unreliable and had been biased by his test technique. 
Bingham's tests were performed mainly as an application of an experi-
mental device which he had developed. Bingham examined only three hole 
configurations and the results, being limited in scope, could not be 
used as a basis for developing any firm, general conclusions. 
Objectives 
The preceding section of this chapter has described a local 
buckling phenomenon that can take place in tensioned sheets with holes. 
The primary objective of the study described in this dissertation was 
to investigate this phenomenon for a particular class of openings and 
to develop a method for predicting the stress at which buckling occurs, 
Before discussing the plan for achieving the primary objective, 
however, it is desirable to describe clearly certain important features 
of the problem. The problem of multiply connected plates undergoing 
moderately large transverse deflections has not received attention in 
the literature. Therefore, it is appropriate to specify carefully a 
complete set of governing equations for this class of problems. Also, 
in the execution of experimental work the specification of modeling 
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requirements for these problems must be considered. 
To develop an understanding of the problem of local buckling 
adjacent to a cut-out, it is necessary to determine the stress distri-
bution throughout the plate. For very wide sheets the stress distri-
butions around holes can be examined by the application of the method 
of complex variables. The effect that plate width has on the stress 
distributions can be examined experimentally by the method of two 
dimensional photoelasticity. The objective of performing the stress 
analyses is to determine how the stress distribution changes as the 
geometric parameters of the problem are varied. Observations based 
on these results can be used as a basis for the interpretation of the 
tensile buckling behavior. 
After having established how the stress distribution changes with 
the geometric parameters of the problem, particular emphasis will be 
directed toward an examination of the general relations for the class 
of problems of interest. This examination will particularly emphasize 
those properties of the governing equations and their solutions which 
are especially relevant to buckling problems. This involves a considera-
tion of the complete coupled stress-deflection features of the buckling 
problem and includes the nonlinear effects introduced by stretching due 
to bending. 
The theoretical background for the problem will then have been 
properly established. A parametric study designed to determine buckling 
loads over a systematically varied range of the geometric parameters of 
the problem will then be presented. Application of the theoretical 
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study of the properties of the governing equations to the experimental 
program will be demonstrated and the resulting data will be presented 
and analyzed. 
By relating the trends observed in the stress distribution 
problem with those established in the determination of buckling loads, 
the parameters of primary interest will be clearly identified. The 
buckling load data will then be analyzed to develop a buckling equation 
which properly describes the effect of each of the important parameters 
The validity of the relationship developed will be evaluated both by 
the use of data generated in the present study and that obtained by 
other investigators. 
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CHAPTER I I 
MJLTIPLY COMDECTED THIN PLATES 
The g o v e r n i n g d i f f e r e n t i a l e q u a t i o n s f o r a t h i n p l a t e e x p e r i e n c -
i n g m o d e r a t e l y l a r g e d e f l e c t i o n s were f i r s t f o r m u l a t e d by T. von Karman 
i n 1910 . These e q u a t i o n s , which commonly "bear h i s name ( t h e Karman 
e q u a t i o n s ) , a r e e x p r e s s i o n s o f t h e t r a n s v e r s e e q u i l i b r i u m and of t h e 
i n - p l a n e c o m p a t i b i l i t y of t h e p l a t e . T h i s t h e o r y i n c l u d e s r o t a t i o n s 
abou t i n - p l a n e axes i n t h e k i n e m a t i c r e l a t i o n s and i n t h e e q u i l i b r i u m 
e q u a t i o n s . For a p l a n e s t r e s s f o r m u l a t i o n of t h e p r o b l e m t h e K i r c h h o f f 
a s s u m p t i o n i s a d o p t e d and a , t h e t r a n s v e r s e n o r m a l s t r e s s , i s 
n e g l e c t e d as b e i n g s m a l l compared t o t h e i n - p l a n e s t r e s s e s . 
The k i n e m a t i c r e l a t i o n s f o r t h e m i d s u r f a c e s t r a i n s a r e 
e x = U ' x + \ ( W ' x ) 
e = v , + - w, 
y y 2 \ 5 y 
and v = v . Yxy 
+ u , + w, w, 
x ' y ? x ' y 
( i ) 
In Equations (l) u, v, and w are the midsurface displacement functions 
in the x,y, and z directions respectively. The strains at any point 
are related to midsurface strains by 
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and 
e = e zw, j 
X X XX 
e = e zw, 5 
y y yy 
v = v - 2zw, 
'xy 'xy ' x y 
> (2 ) 
The c o n s t i t u t i v e r e l a t i o n s a r e 
e = - a - [ia J + aT 3 x E \ x y / 
_ - u,a.J + <*T , 
and 
y E V y 
xy E xy 
> (3) 
The A i r y s t r e s s f u n c t i o n , F , i s d e f i n e d by t h e r e l a t i o n s 
and 
CT = F, + x ' y y 
y xx ' 
T = - F , 
xy ' x y 
00 
/ 
For the purposes of this derivation, the plate will he assumed 
to be loaded only by in-plane edge tractions and body forces; that is, 
the transverse pressure as well as that component of the body force 
in the transverse direction are zero. The equilibrium equations for 
the plates are 
and 
x?x xy,y 'x 
N + N - h§, = 0 
xy?x y,y
 5y 
M + M - Q = 0 
y,y xy,x > 
M + M - Q = 0 
x,x xy?y x 
(N w, + N w, + Q ), 
^ x 7x xy ?y x ?x 
+ (N W, + N w5 + Q ), = 0 xy x y 'y >' 5y 
(5) 
The transverse shears can be eliminated from the last of Equations (5) 
to yield 
and 
N + N - h$5 = 0 x,x xy,y 'x 
N + N - h$, = 0 
xy>x y?y
 5y 
M + 2 M + M + (N wa + N w, ) , 
x , x x x y , x y y , y y x 'x xy ' y / 5 x 
\ 
>(5a) 
+ (N W, + f f ¥ , ) . = 0 . y 
xy 7 x y ' y / ? y 
The b e n d i n g moments a r e r e l a t e d t o t h e c u r v a t u r e s by 
and 
M = - D(wj + LLW. ) 
x v ' x x ^ ' y y y 
M = - D(w, + LLWJ ) 
y ' y y p J x x ' 
M = - D ( l - |JL) W, xy p y 5 xy 
(6) 
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The stress and moment resultants used in Equations (5, 5a, and 6) are 
defined as 
h/2 h/2 
N = ff dz , M = zcr dz , 
x J x x J x 
-h/2 -h/2 
h/2 h/2 
N = a dz , M = zcr dz 
y J y ' y J y 
-h/2 -h/2 
h/2 
N = T dz 








In order to present the boundary conditions in a general form, 
consider that the boundary is curvilinear and has an outward normal in 
the v direction and a tangential direction designated by s . This 
is illustrated in Figure 2 below. 
y 
x 
Figure 2. Plate Coordinates 
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Let t and m be the direction cosines of v such that 
\ 
and 
I = cos(x,v) , 
m = cos(y,v) 
(7) 
The following definitions are made for convenience in discussing 
boundary conditions: 
N = N I + N m j xv x xy 
M = M £ + M m xv x xy 
N = N U N m , 
yv xy y 
M = M + M m . yv xy y 
\ 
> (8) 
M = M I + M m and M 
v xv yv vs 
- M m + M I . 
xv yv y 
The local radius of curvature of the boundary curve will be 
designated as r where 
i = ̂ £ , 
r ds 
and cp is the angle between the tangent to the boundary and the x-axis 
The quantities r and cp are illustrated in Figure 3-
y 
Figure 3« Local Radius of Curvature 
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The boundary conditions on the function w may "be either 
a) the transverse displacement is prevented, 
-x-
w = 0 (9a) 
or b) the effective shear in the transverse direction is zero, 
^ <L (A) + (i - ,) A 3 (Mil + (S <£ + S j*) = o 
_dv \ds /JJ \ xv Sx yv By/ 
(9b) 




or d) t h e moment about t he i n -p l ane tangent vec to r i s ze ro , i . e . 




""d w . / d w , 1 dw 
rr+ n^+ 7 §w_ 
dv ds 
= 0 (9d) 
Along with the above boundary conditions, in-plane boundary 
conditions must also be provided. Since it is appropriate to include 
these conditions in conjunction with the derivation of the compatibility 
relations, a discussion of them will be introduced later. 
There are two possible formulations of the plate problem. These 
are either a displacement or a stress formulation. In a displacement 
* In the problems of interest the boundary conditions on w are homo-
geneous. This restriction is not necessary in the development which 
follows. 
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formula t ion the governing d i f f e r e n t i a l Equat ions (5a) t o g e t h e r wi th 
the app rop r i a t e boundary condi t ions from Equations (9) and the in -p lane 
boundary condi t ions are a l l expressed i n terms of the mid-surface 
displacements u , V, and w. This system of equa t ions i s complete for 
e i t h e r simply or m u l t i p l y connected p l a t e s . To complete the s o l u t i o n 
of a problem, the s t r a i n s are obta ined from the k inemat ic r e l a t i o n s 
( l ) and ( 2 ) , and the s t r e s s e s from the c o n s t i t u t i v e r e l a t i o n s ( 3 ) . 
For some problems, t h e displacement formula t ion may be too 
d i f f i c u l t or inconvenient t o u s e . I t may then be more app ropr i a t e t o 
solve for the i n -p l ane s t r e s s e s r a t h e r than for the d i sp lacements . 
One way of so lv ing for the s t r e s s e s i s t o in t roduce A i r y ' s s t r e s s 
func t ion , as defined i n Equations (h), i n t o the equ i l i b r ium Equation 
( 5 a ) . This r e s u l t s i n the f i r s t two equ i l i b r ium equa t ions being 
s a t i s f i e d e x a c t l y . After making use of Equat ions (6) the t h i r d 
equ i l i b r ium equa t ion becomes 
DV w = hF, w, + hF, w, - 2hF, w, (10) 
yy xx xx yy xy xy 
+ h($w, ) , + h($w, ) , 
v ' x ? x y y 
It is noted that both F and w appear in the last equation; thus, 
additional information is required to obtain a solution. The additional 
information comes from the equation which requires that the associated 
stress field be.one which will result in a compatible state of deforma-
tion. This equation is obtained by eliminating u and v from 
Equations (l). As will be seen, satisfaction of the resulting equation, 
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though necessary and sufficient for compatibility in a simply connected 
plate, is only necessary in a multiply connected plate. 
Derivation of Compatibility Requirements 
This development will parallel that of Mindlin and Salvadori 
[58], who examined the compatibility requirements for plates with 
linear kinematic relations. Let F be any closed curve in a plate 
(the plate may be simply or multiply connected) and examine the follow-




The first of these integrals is expanded in the form 
du (u,xax + u,yay) • (12) 
Defining the infinitesimal rotation as 
z 2 \ X 'y/ (13) 
and by noting from the last of Equations (l) that 
v, = Y - u, - w, w, , 
'x 'xy ?y 'x ?y (HO 
it is possible to solve for u, in the form 
1 1 
'y 2 Txy 2 x 'y z 
(15) 
Thus, substitution of (15) into (12) yields 
f » r— 
du = 
r T 
u , dx + ( - y - 77 w, ¥ , - c o Jdy _ ' x \ 2 'xy 2 3 x ? y x/ . 
(16) 




e dx + — Y dy 
x 2 xy 
( w ? x ) dx + w ? x w , y d y (17) 
uu dy 
-, Z 
The l a s t i n t e g r a l of E q u a t i o n (17) can b e w r i t t e n as 
UJ dy = y 
J z r dcu 
r z ~r 
• L y d a 3 z ' (18) 
where y is the y coordinate of the starting point of integration 
on r. The differential doj may be expanded as 
z 
. n ySci) duo . 
doo = ( T — - dx + rr-^- dy) 
z J \ S x dy / 
(19) 
Us ing t h e d e f i n i t i o n o f oo , 
dx~ dx 
= - ( v , - u , ), dx J^ 2 \ ' x y/ x (20) 
S u b s t i t u t i n g for v , from Equation (l*+) t hen g ives 
« dou 
Jr ~ dx = r 
— v - "U-s - TT ("w. w, ), dx 
.2 xy ,x >yx 2 \ 5 x ' y / ' x j 
(21) 
Requiring that the second derivatives of the displacements be continuous 
permits the order of differentiation in Equation (21) to be interchanged. 







w'y)'J}ta • (22) 
A similar procedure yields 
J" "ST <* = J K , z ' I V , y • I [(%)** " (w'-w'y) V^ dy ' (23) 
S u b s t i t u t i o n of (22) and (23) i n t o (19) r e s u l t s i n 
J * " * = L [(I V,x - ex,y)dx + ( e y , x " I V x y > y ) ay ] (2*0 
r r 
+ \ L i[(W'x)'y - (W'xW'y)'Jta - [(W>y)'x " (W>X
W>y)'yM 
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The m u l t i p l i c a t i o n of dou by y could be c a r r i e d through the exact 
z 
same procedure t o ob t a in 
I r
 yd^z = J y [( 
[V 1 
— y - e 
2 xy,x x 
W + (e - i Y W l (25) 




y frO'y " ( W ' x W ' y ) ' J d X " [ ( W ' y ) ' x " ( W ' x w ' y ) ' y ] d y } 
Finally, it is possible to write from Equations (17), (l8), (2̂ -) and 
(25) that 
r r i i i r vf x 
r
du = J r L
e
x
ta + 2 v ^ J " 2 J r Lv
w'J 
dx + w, "w, dy (26) 
]"1 
r / [_2 'xy ,x ~x. 
)dx + (e 




(y - yr) {[(w.J.y - (»>x
w»y)»J** - [(w>y)>x " ( ^ J ' y i R 
Before proceeding any further an important feature of Green's 
Theorem should be pointed out. Green's Theorem as normally presented 
is valid only in simply connected regions but can be extended so as to 
be useful for multiply connected regions by artificially cutting the 
region. Using this artifice, Green's Theorem can be stated as 
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(pax + Qdy) = J J ( | | - f )tady - I J* (Pdx + Qdy) , (27) 
R 1 • ^ 
where the summation on i i s taken over a l l in te rna l boundaries that 
may be enclosed in T and R is the solid region enclosed in T. I t 
should be noted that a l l the l ine in tegra ls should be taken in the 
posi t ive sense; i . e . , with the external normal always to the r ight as 
the tangent ia l coordinate i s traversed in an increasing sense. 
In applying Equation (27) to Equation (26) l e t 
p = P X + p 2 
and = ^ + Q 2 
where 
e x + V " Yr)\2 Yxy,x " e x ,y 
\ = \ V + (y " yr)(ey,x " I Y 
2 2 
P2 = " \ l ( w ' x ) " ( y " y r ) [ ( w ' x ) ' y " ( w ' x W ' y ) ' x ]} 
}(28) 
'2 = " 2 U W ' x W ' y J + V ' yr 
2 
W 'y) 'x " (W'xW'y)'yJ 
Then Equation (27) becomes 





By differentiation of Equations (28), it can be shown that 
and 
S u b s t i t u t i n g Equations (30) and (31) i n t o (29) g ives 
- | ¥ , + W, ¥ , 
' xy/ ' xx 7yy J 
dxdy -II du r i 
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du Pdx + Qdy 
P BQ1 ap1 
A dx dy dxdy (29) 
- P n ) = ( y - y ) ( e + e - Y ) j (30) 
l , x l , y / V r / \ y ,xx x,yy "xy}^fJ 
l2,x " P 2 , y = - y - y j
 W J , „ J - w 3 w xy^ xx - y y j 
(31) 
du = y - y, e - e - Y 
L\ y , x x x , y y xy , xy 
(32) 
If the second i n t e g r a l of ( l l ) i s eva lua ted , t he r e s u l t i s 
28 
b-JJ>r-*)[( e + e - v 




+ "W, W , 
? xx 'yy_ 
dxdy - \ dv 
r. 
1 1 
If t he p l a t e i s simply connected, a necessary and s u f f i c i e n t cond i t ion 
for a s i n g l e valued displacement f i e l d would "be t h a t 
+ e - Y, 
x , y y y , x x ' xy , xy 
= w 
xy. 
- W , W. 
xx ' y y 
(3*0 
As expected , Equation (3*0 i s the same r e s u l t as would have "been obta ined 
by e l i m i n a t i n g u and v from Equation ( l ) . However, the b e n e f i t of 
the d e r i v a t i o n obta ined h e r e i n i s t h a t the su f f i c i ency of Equat ion (3*0 
has been proven. 
If t he p l a t e i s m u l t i p l y connected, i t i s s t i l l necessary t h a t 
Equation (3*0 be s a t i s f i e d w i th in the p l a t e . This cond i t ion i s no 
longer s u f f i c i e n t t o insure compatible deformat ions , however. I t i s 









vanishes. The condition that they vanish separately comes about since 
the original curve r could be chosen to arbitrarily include any of the 
internal boundaries, in any combination. In a multiply connected plate, 
it is possible that a displacement known as a dislocation may be present. 
Thus, the displacements need not be single valued from a physical 
argument. Calling the amplitude of the dislocation in u for the 
.th 
i "boundary a., then 
a. = , 
1 «J 
du (i = 1, 2, ... n) 
ri 
In a manner exactly analogous to the derivation for du, it may be 
Jr 
seen from Equation (26) that 
a. = 
I r i 











{(W'x) - (y -yi) [ M ' y " (W'xW'y)'x]}to 
2 
" \ I lW,xW'y + (y " yi)[(w>y)'x " (W'xW>y)>y]K 
r. 
i 
where y. is the starting point of integration on the i boundary. 
If, in addition, a rotational dislocation, c. is defined such that 
1 Jp Z 
i 





— Y - e )dx + (e - — y Jdy 





l [ ( W ' x ) ' y ' ( W ' x w ' y ) ' x ] t o " [ ( w ' y ) ' x " ( w, w. 
I t i s observed that Equation (35) can be rewrit ten as 




1 Yxy + Key, 
1 
x " 2 Yxy,y /J dy 
" \ I {(W'x) - y [(W'x)>y " (w 'x%)'J}** 
- I L {w'xW'y + y [(W'y)'x " (W'xW'y)'y]} dy 
Similarly, i f a dis locat ion in the displacement v of magnitude 
is allowed, then 
3 1 
b . = dv = 
r te
d x + ^dy 
With a s i m i l a r d e r i v a t i o n as wi th a. i t can "be shown t h a t 
1 
b . - x . c . = 
1 l i r. 
i 
Via* — v + x I e - — v 





e + x — v - e 
L y \ 2 Txy,y y ,x7J 
cLy 
r i 
w, w, + x 
x ' y w. 'y - w, w 
J x 5 y / ' x j 
dx 
1 
2 J w ' y ' 
W ? y / ' x - w, w x 5 y / ? y . 
dy 
If the terms on the r i g h t hand s ide of Equation (37) which are 
not m u l t i p l i e d by y , and those of on the r i g h t hand s ide of Equation 
(38) which a re not m u l t i p l i e d by x are i n t e g r a t e d by p a r t s , then 
u L ex " \ ^ dx + 
' 1 _ 1 
L2 Yxy " 2 W ' : 'xW'y] ^ } (39) 






— w, w , 
2 ' x ' y j 
- L [x (ex,x - w'xw> J a x + y (I V , y " I W'xw'yy " I %w 'xy)dy] 
r i 
r i 
[ X ( e X , y "
 W'xW> J d y + y ( I Yxy,x " I W ' x W ' X y - I
 W > x x W > y H ' 
and 
U [ I V 5 W'xW'y]dX + [ey " I K ) N (1*0) 
F l 
= X [I Vlw 'x%] L + y [ey " I (%) ] 
2 ^ .0 
- I x ( — v - - w, w. - — w, w. )dx + y ( e -w, w, )dy 
«L L \2 Yxy,x 2 5 x 'xy 2 5xx 5y/ \ J,Y J JY^ J r± 
- x ( 77 Y ~ 77 w 3 w 3 ~ 7T w 5 w 3 /d-y + y ( e - W, W, ) d x 
J r L V2
 Yxy,y 2 5x 5yy 2 ?xy V J J \ y,x 5y 'xy/ J 
The strains and the displacements in w are considered to be continuous 
and smooth around each contour. The terms outside the integrals in 
Equations (39) and (Uo) may then be discarded, and Equation (37) becomes 
i + yiCi = - J„ [(yex,y + X ex,x) d X " y (ey,x " V.yK (hi) 
fx 
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xe dy + 
r. x 'y 
yw, w, + xw, w, Jdx + yw, w, + xw, w, )dy / ' x 'xy 5x 'xx7 V̂  ' x ?yy ? x ?xy/ . 
Equat ion (38) becomes 
b . - x . c . 
1 1 1 
x e - V dx - xe + ye dy 
v x5y
 Txy,x/ V y , x y , y / 
(^2) 
ye dx + 
r y , x 
J [(yw, W , 
y xy 
+ XW, W 
y 'xj 
dx 
+ ( xw, ¥ , + yw. w, jdy 
\ ' y 'xy J ?y ?yy/ _ 
Thus, in a d d i t i o n to the cond i t ion s t a t e d in Equat ion (3^)? Equations 
(36) , (kl), and (k-2) a re a u x i l i a r y cond i t ions which must be s a t i s f i e d 
on each i n t e r n a l boundary of the p l a t e . A l l of t he se equa t ions must be 
s a t i s f i e d t o insu re s i ng l e valued d i sp lacements . I t should, of course , 
be noted t h a t the p o s s i b i l i t y of non-zero d i s l o c a t i o n s on a cut boundary 
has been included in the development. 
.{Stress Formulation of P l a t e Problem 
A s t r e s s formula t ion of the problem can be obta ined by r e q u i r -
ing t h a t the governing equat ions ( i . e . , the equ i l i b r ium equat ion and 
the c o m p a t i b i l i t y equat ion) as we l l as the boundary condi t ions and the 
a u x i l i a r y cond i t ions on each boundary a l l be expressed in terms of the 
s t r e s s func t ion , F. Equation (10) has a l ready expressed the 
equ i l i b r ium equat ion in the p roper form for the s t r e s s formula t ion . 
The c o m p a t i b i l i t y equa t ion i s ob ta ined in terms of F by s u b s t i t u t i n g 
for the s t r a i n s i n terms of s t r e s s e s and then r ep l ac ing the s t r e s s e s by 
app rop r i a t e d e r i v a t i v e s of F. The equa t ion t h u s obta ined i s 
o 
V F = - E c v V
2
T - ( i - ^ ) v
2
§ + Er (w 3 x y ) - w ^ w ^ J . (1+3) 
The in -p l ane boundary cond i t ions for s t r e s s problems are 
N = N I + N m and N = N I + W m . (kk) 
xv x xy yv xy y 
where N and N are the components of the resultant stress vector 
xv yv 
in the x and y directions respectively. The direction cosines t 
and m can be expressed as 
l-g and B - - S , (Us) 
where s is the tangential coordinate. It should also be realized 
that 
t = <j* = <j£ ana m = & = . ̂  (46 
dv ds dv ds v ' 
where v is the normal coordinate of the boundary. The boundary 





= hi F. 
yy ds \ xy/ ds 
f = h ~- (F, 




yv 'xy/ ds 
- h(F, 
xx 
^Z= - h d 
ds ds M + h<|m (W) 
A coordinate system reference point may be chosen on each "boundary such 
that s = 0 at this point. Then integration of Equations (k7) and (kQ) 










N ds + $m ds + ff. 
yv e I 
0 
(50) 
•where a. and B. are constants which in general are different for i 'I ° 
each "boundary r.(i = 0, 1, 2, ..., n). The boundary Tn will be 
taken as the external boundary while n designates the number of 
internal boundaries. If the boundary tractions and the boundary force 




= dF dx + SF_ dy 
' s dx ds dy ds ' 
it is possible to evaluate F at any point on a "boundary "by integration. 
Thus, 
F, ds + v. ?s Ti 
i 0 




N ds + I $m ds 
yv *J 
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(h+ )̂ S + (\+ h) dy ds ? (52) 
and thus 
r i 0 
= I (B.I - A.mjds + a.x + p.y + y. (53) 
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I t may "be noted t h a t 
so t h a t 




= A.I + B.m + a.l + B.m . 
1 1 1 1 
(5*0 
Equations (53) and (5^-) thus r ep re sen t the boundary cond i t ions of F 
which must he s a t i s f i e d when edge t r a c t i o n s a re s p e c i f i e d on the 
bounda r i e s . These r e l a t i o n s apply whether the p l a t e i s simply or 
mu l t i p ly connected. I f i t i s simply connected the boundary condi t ions 




]Ql - AQm) ds 
= V + V 
(55) 
The constants a , |3 , and y could be set equal to zero or, for that 
matter, to any arbitrary constant since their presence does not affect 
in any way the values of the stresses. In an (n + 1) connected slice, 
however, three additional conditions are required on each boundary 
in order to determine the 3'n constants a., p., and y.{± = 1, 2, ..., n) 
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These conditions are the 3n auxiliary conditions derived to insure 
compatibility. The auxiliary conditions are obtained in terms of F 
by use of the constitutive relations and the definition of the stress 
function. These equations become 
M z f l l dE = Ec. 
dv 1 
- (1 - M.) 
r. 
i 
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and 
J r [ y M|fz ) . x i (v !a ] d s = E ( a i + y i C i ) (57) 
-(wH ( ^ - i ) - - - I {*%-*E* 
_ (1 + f0 f (ft _ h § m ) d 
h J \ yv / 
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ds = - E b. - x. c. 
1 1 1 
(58) 
-d - ) i ( y i - e - - - j ( ^ i - i ) r. 
1 
_ (1 + v>) 
h 
N - h§£) ds 
xv 
- E m ( yw, w, + xw, w, J - £ (xw, w, + yw, w, J 




where (56), (57). and (58) are for i = 1, 2, ...,n. The form of 
Equations (56), (57) and (58) could be shortened slightly by rewriting 




that of (57) becomes 
(W'x) [X(W'J's +y(W'y)'Jd 
and finally the last term of (58) becomes 
+ EIr
W'y[X(W'x)'s + y( W'y)'s] d S • 
i 
The total stress formulation of the coupled nonlinear plate problem is 
now complete. By studying the governing equations, the boundary con-
ditions and the auxiliary conditions, it can be seen that the solution 
of a particular problem can involve a substantial amount of effort. 
Modeling and NOndimensionalization 
The possibility of deducing information of a general nature 
from tests or experiments performed on specimens of a particular material 
is of practical interest. To make use of test results, however, an 
experiment must be properly designed, i.e., all parameters which 
influence the behavior of interest must be properly taken into account. 
In structural mechanics the parameters usually include the specimen 
geometry, the nature of the loading, and the material properties. 
J. N. Goodier and W. T. Thomson [59] have presented a thorough 
discussion of the application of modeling or similarity principles to 
structural models. They point out in this reference that the use of 
similarity principles is not limited to simple linear systems. It is 
significant that the model chosen for examination in this reference was 
a thin sheet with a central hole. The models which were, of course, 
multiply connected were loaded into the large deformation range by 
shear tractions on the outer boundary. Goodier and Thomson used 
similarity principles to analyze their test results. It is of interest 
to note that they were able to deduce from dimensional analysis 
kl 
considerations that although materials with different values of Young's 
modulus could be modeled, the values of Poisson's ratio could not 
differ. 
Although modeling laws can "be deduced by use of dimensional 
analysis, an examination of the governing differential equations can 
provide additional understanding of behavior which leads to modeling 
restrictions. 
In order to examine the governing equations for the plate 
problem it is convenient to introduce the following set of nondimensional 
parameters: 
-2 2 2 x 
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In these re la t ions "a" i s a charac te r i s t i c length in the problem and 
"h" is the p la te thickness. Use of the above re la t ions enables the 
governing equations to be wri t ten in a nondimensional form. The com-
p a t i b i l i t y equation becomes 
2 
V^F = - V2T - (1 - MO V 2 I + ( w , « ) - w,— w,— xy/ 'xx 5yy (60) 
The in-plane boundary conditions in nondimensional form are 
and 
B.l - A.m ds + a. x + R.y + v. , \ 
i 0 
F,-'v = A.£ + B.m + a.I + B.m , 
1 1 1 *! 3 
(61) 
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' - d ( v 2 F ) - 5(V2F)H y — ^ - x —̂  <-
3v 3s -I 
ds - (a.± + y± c± (63) 
- (1 - ,) f ( 
r. 
i 
- 3 $ - 3§ 
y r - - X r w dS -
3v 3s r 
- 3T - 3T\ . 
y ^w - x — ) ds 
dv 3s , 
- (1 + n) I ( i y v - ?m) d5 - J (*,;) [J (w,j),- + y (*,-),-
i i 
ds , 
and f i n a l l y , 
r. 
1 
•- d ( v 2 F ) u - 5 ( V
2 F ) 1 
y s .. ' + x N _ / 
3s 3v J 
ds - b . - x . c . 
l l i 
(6k) 
- ( l - p.) (y -=• + * rr) d s - J (y rr + * —J ds 
3s 3v 3s 3vy 
( i + MO 
i 
N - $^)ds + 
XV / 
(-,-) [x(w,^),- + y ( ^ y ) , 5 ] ds 
where 1 = 1 , 2 , . . . , n i n E q u a t i o n s ( 6 2 ) , ( 6 3 ) , and (6k). Nond imens ion-
a l i z a t i o n o f t h e t r a n s v e r s e e q u i l i b r i u m E q u a t i o n (10) y i e l d s 
1 2 ( 1 - MT) 
— v w = F , — w . — + F , — w,— - 2 F , — w - -
2x ' y y ' x x 5 x x ' y y ' x y xy 
(65) 
( l w 3 _ ) ? . + ( i w , - ) , -
kk 
The possible boundary conditions on w are 
w = 0 
dw _ Q (66) 
Sv " 
2- . . 2 
12(1 - ^ ) 
|~d "w , / d w , 1 dw\~ 
L ^ + H5F + ? a^J ^ i-dN] 
= 0 
and 
12(1 - V.2) 
a , (v2 w) + ( i - , ) ^ r^ (p) i | + (s p +1 p) = o 
ldv \ / \ /̂ 5s Ldv \3s/JJ \ xv Sx yv By/ 
The complete coupled problem has thus "been formulated in 
nondimensional form in Equations (60) through (66). It is now possible 
to examine the relationship between model and prototype stresses and 
deflections. Assuming that the conditions of similarity expressed by 
Goodier and Thomson [59] have been satisfied, the solution satisfying 
Equations (60) through (66) require that \± be the same for both the 
model and the prototype in order that they both yield the same solutions 
for the nondimensionalized, dependent variables. Under certain circum-
stances the dependence on Poisson's ratio can be eliminated from 
Equations (60) through (6k). It cannot, however, be eliminated from 
(65) and (66). It may also be seen that the presence of the terms 
involving w in Equations•(60) through (6k) comes about from the 
^ 
nonlinearity of the kinematic relations (l). These assumed kinematic 
relations take into account the possibility of stretching due to large 
lateral deflections. 
If the lateral deflection is small, then the theory reduces to 
the linear uncoupled theory. That is, the stress state can "be determined 
without a knowledge of the deflection function by Equations (60) through 
{6k) with the w terms omitted. The stress will then be independent 
of Poisson's ratio under the same conditions as those specified by 
Mindlin and Salvadori [58] for the linear plane stress problem. That is, 
if all of the following integrals vanish or at least vanish in the 
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1 
The first two integrals represent the x and y components of the 
resultant force on an internal boundary. Mindlin and Salvadori observe 
that the last two integrals are nonvanishing only if the body force 
potential has singularities inside r. of the order of a doublet or 
less. 
k6 
For the purpose of modeling there are some subtleties of the 
nondimensionalized relations which should be noted. For instance, if 
dislocations are introduced into a model, then the corresponding dis-
location in the prototype depends not only upon "a" but also upon 
"h". All other geometric parameters depend only upon "a". It is 
also noted that body force potential and the boundary tractions depend 
not only on "a" and "h" in scaling also upon E. The overall result 
is that the modeling of even fairly simple multiply connected plates is 
complex. 
It should be realized that the restrictions and difficulties of 
modeling plates, which have been presented through a stress formulation, 
would have been no less severe if a displacement formulation had been 




The preceding development demonstrates the complexity of problems 
involving multiply connected plates. A complete solution would be one 
in which both the stress fields and the deflection fields are determined. 
The presence of nonlinearities in the kinematic relations introduces 
complications which cause the governing equations to be nonlinear and 
coupled. The compatibility requirements provide a set of three condi-
tions on each internal boundary which must be satisfied in addition to 
the usual compatibility equation. 
By nondimensionalizing the governing equations and boundary 
conditions, relations are obtained which reveal what requirements must 
be satisfied in the use of models. In the case in which the temperature 
is constant throughout the plate and the potential $ may be omitted, 
it is possible to use a model constructed of a material which has a 
different value of Young's modulus than the prototype. The value of 
Poisson's ratio must, however, be the same for both model and prototype. 
This is true whether the plate is multiply connected or not. This is 
not too severe a restriction, however, because it is often possible to 
select two materials which have the same, or almost the same, value of 
Poisson's ratio in spite of the fact that the values of Young's modulus 
are substantially different. 
The results to be presented in subsequent chapters were obtained 
from an analytical and experimental investigation of a problem which is 
within the class of problems described by the developments of this 
chapter. Applications and discussions of the results of this chapter 
will, therefore, be made at appropriate places in this dissertation. 
8̂ 
CHAPTER III 
STRESS DISTRIBUTIONS AROUND HOLES IN THIN PLATES 
In the previous chapter an analysis of the moderately large 
deflection of a thin sheet with holes was presented. This chapter will 
examine the stress distributions in thin plates with holes. The develop 
ment will be based on the assumption that the plate remains flat during 
tensile loading and thus the stresses can be obtained from the govern-
ing equations with w and its derivatives set equal to zero. Body 
forces and temperature effects will not be included. 
For the case of uniaxial tension applied to a plate with trac-
tion free holes, it is shown in Chapter II that because the resultant 
force on each boundary is zero, Poisson's ratio does not appear in the 
governing equations. It is of interest to note that J. S. Brock [60] 
has shown that the in-plane boundary displacements around a hole will 
be independent of Poisson's ratio. Displacements at any other point 
still depend on the elastic constants. As noted above, however, the 
stresses in any case can be modeled from one material to another. 
The analytic determination of stresses in finite plates is 
extremely difficult. The stress distribution in finite plates can be 
determined by the use of photoelastic techniques. It is possible to 
determine the stress distribution in infinite plates by use of a 
complex variable formulation of elasticity. Both techniques have been 
used in this investigation. The presentation of analytic results for 
h9 
infinite plates and experimental results for finite plates illustrates 
the features of each method. 
Analytic Determination of Stresses 
in an Infinite Plate with a Hole 
The determination of the stresses around a hole in an infinite 
plate subjected to a uniaxial tension at infinity is most easily 
accomplished by the method of complex variable stress functions. The 
development presented follows the work of Sobey [6l], and with reference 
to Milne-Thomson [62] the procedure is straightforward in its approach. 
It should be noted that certain simplifications have occurred 
due to the doubly-symmetric geometry of the hole and the direction of 
the uniaxial loading being considered. For more general problems the 
procedure would parallel that presented here, but it would be quite a 
bit more complicated. The simplifications are pointed out as they occur 
in the development. 
One of the most difficult problems encountered in the complex 
variable solution is the construction of an acceptable mapping function. 
Sobeyfs application of Melentiev's iterative procedure greatly simpli-
fies this task. The mapping function can be taken with as many terms as 
are necessary to obtain a good representation of the hole shape. This 
procedure can be easily programmed and it is limited only by the 
capacity of the computer. 
Development of Complex Variable Mapping Function 
It is desired to obtain a function 
Z = m(r) (1) 
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which continuously and uniquely transforms each point in the £-plane 
onto a point in the Z-plane. Furthermore, this function must transform 
the unit circle in the £-plane to a specified closed curve in the Z-
plane. 
The specified closed curve in the Z-plane represents the 
boundary of a hole. The hole considered in this development is a slot 
which is constructed by putting semi-circular ends on a rectangle. 
Figure h shows a typical slot geometry. It is seen from this figure 
that the slot geometry is completely specified by the end radius, R, 
and the slot half length, H. The origin of the Z-plane is taken at 
the geometric center of the slot. The development presented will be 
valid for any shape hole which is symmetric about the origin and 
does not contain sharp corners. Since the boundary in the Z-plane has 
a continuously turning tangent, the transformation m(^) is free of 
singularities on the boundary and can be represented as a power series 
in the form 
N 
V ./T^ .3-21 Z = m(£) = ̂  B(I) C
J . (2) 
1=1 
The upper limit, N, is in general infinite, but the series can be 
truncated to give an approximate representation. It should be noted 
that limiting the highest positive power of £ to be unity permits 
the Z- and £- planes to be brought into coincidence at infinity. It may 
also be noted that only odd powers of Q are permitted in order to 
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satisfy the symmetry characteristic of the hole. 
The significance of mapping from the unit circle is that the 
transformation to the "boundary will be a function only of the angle. 0 
in the Q-plane. That is, if the boundary is designated as Z then 
Since 
N 




x + i y 
c c 
x (9) = ) B(I) cos(3-2l)i 
1=1 
N 
yc(0) = £ B(I) sin(3-2l)9 
1=1 
> W 
The coefficients of the mapping function can be obtained by 
solving a set of 2N equations developed directly from Equations (h) by 
choosing N points along the boundary of the first quadrant in the 
Z-plane. For the two points corresponding to the x and y axis 
intercepts of the boundary, the values of 9 must be zero and ninety 
degrees, respectively. For any other point the corresponding value of 
9 is an unknown. The B(l)'s are also unknowns. Thus there are 
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(2N-2) unknowns and the same number of equations (note y(0) = 0 and 
x(~) = 0 are automatically satisfied). This system of equations could 
be solved but it is an extremely tedious chore since so many of the 
unknowns are in transcendental functions. An iterative procedure is 
usually used to solve this set of equations. Heller, Brock, and Bart 
[36] simplify the procedure somewhat by choosing some of the values of 
9 and having the x's or y's as unknowns. This simplifies the task 
somewhat, but it is still a formidable task to solve them if N is 
very large. 
Melentiev's procedure is to transform the original coordinates 
to a new set which behaves quite differently from the (x,y) set of 
coordinates. The new complex variable is obtained from the relation 
u(e) + i v(0) (5) 
N 










v(9) = Y B(l) sin(2-2l)6 
1=1 
It should also "be noted that 
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Z\ _ fx + i y 
^ c ^ c 
(7) 
= [xc(e) + i y c (e) -ie 
x (e) + i y (0) cos 9 - i s i n 
x (e) cos e+y (e) sin e 
c c 
+ i y (0) cos 0 - x (0) s i n 
Thus, 
u(9) = x (0) cos 0 + y (0) s i n 9 
and > (8) 
v(9) = y (8) cos 9 - x (e) s i n 
The sketch in Figure k illustrates the new set of coordinates. 
Figure k. Melentiev Coordinates and Slot Geometry 
It can "be seen from an examination and Equations (8) that for 
the slots, u(0) remains positive around the contour while v(9) 
changes sign. In any case the magnitude of v(8) is usually small 
compared to the magnitude of u(e). If a set of values of 9 is 
chosen then fairly accurate starting values of u(e) can be chosen from 
a direct correspondence of position. That is, the v(9) coordinate is 
ignored completely and the angle 9 is assumed to be measured in the 
Z-plane. Thus, from the first of Equations (6) a set of linear equations 
in the B(l)'s can be generated. This set of equations is then solved 
to obtain the first approximation to the mapping function. The mapping 
function will, in general, represent some curve c' different from the 
original curve C. Corrections can now be made to the originally assumed 
values of u(9) and the process can be repeated until the curve c' is as 
close to C as desired. 
It is convenient to take equally spaced intervals of 9 even 
though this is not the most accurate procedure (for accuracy the 9 
intervals should be smaller in the vicinity of a discontinuity in 
curvature). The convenience of picking equal spacings is that a closed 
form solution for the B(l)'s can be generated without using matrix 
inversion (see Whittaker and Robinson [63]). Thus the equation for the 
9's is 
e(D = | ( | E T ) (1 = 1. 2,...,*) (9) 
The equations for the B(l)Ts are 
B ( l ) = 2(N-l) ( U ( l ) + 2 U ( 2 ) + *•• + 2 u(N-l) + u(N)} , 
N-l 
B ( D = 2 T W { 2 - (D + I ^ W c o s [ i l = l L i £ = l ) n ] 
K=2 
+ 2 ( - l ) I _ 1 u(N)} (1 = 2, 3 , . . . ,N-1) H10 
(N) = jhtr) iu(1) "2u(2) + 2u(3) + ••• 2(N-1) 
+ 2 ( - l ) N " 2 u(N-l) + ( - 1 ) ™ u(N)' 
In order to make improvements in the values of the assumed u(l)'s 
the cartesian coordinates corresponding to the 9(l)'s and B(l)'s 
are computed from Equation (h). If the computed value of the x-coordi-
nate of a point is less than (H-R), a perpendicular is drawn from the 
point to the line y=R and the corrections to the coordinates are 
designated as 6y(l) and 6x(l), 
where 
and 
5y(l) = - [y(l) - Rj 
6x(l) = 0 . 
> (11) 
If, on the other hand, the computed value of the x-eoordinate of a 
point is greater than (H-R) then the midpoint of a line drawn between 
the point and its inverse with respect to the circular arc is chosen 
as the corrected position. The inverse of the point with respect to 
the circular arc is defined from Figure k such that 
| AC | R 
R AP 
In th i s case 
8x(l) = X [x ( l ) - (H-R)] , 
6y(i) = x [y( i ) ] > (12) 
Whether Equations (ll) or (12) are used to compute the corrections to 
the cartesian coordinates, the correction to u(l) can be computed by 
using Equation (8). 
Thus, 
6u(l) = [cos 0(1)] 6x(l) + [sin e(l)] 6y(l). . 
The new value of u(l) is then 
u(l)| = u(l)| __ + 6u(l) v ' 'new 'old v J 
A new set of values for B(l) is computed from the first of Equations 
(6) and the procedure is continued until satisfactory convergence has 
been obtained. A good measure of the discrepancy between C and c' 
is the quantity 
A * 
5 = £ {[6x(l)] +[6y(l)] } . (13) 
1=1 
—5 
Sobey [6l] reports that if 6 is reduced to about 10 no significant 
variations in the curvature of c' occur with further iterations. 
The final form of the iterated mapping function is taken as 
3-21 
Z = m(G) = £ B(I) Q 
1=1 









This last step of normalizing the mapping function is done in order to 
bring the Z- and £-planes into coincidence at infinity. 
It should be noted that normalization of the mapping function 
is equivalent to multiplying the coordinates in the Z-plane by a linear 
scale factor. In other words, the hole in the Z-plane is adjusted in 
size so that the mapping function begins with unity. This procedure 
is possible since the stress distributions around geometrically similar 
holes in infinite sheets loaded at infinity are the same. 
Development of Stress Functions 
The stresses in a flat plate are determined by the Kolosov 
equations. Milne-Thomson [62] expresses these equations in the form 
and 
y 
a + a = Wn(z) + W„(z) x y 0 0N ' 
a + 2i T = ZW'(Z) + W_(Z) x xy 0X ; 0V ' 
(15) 
where Z is the complex variable, 
Z = x + iy , 
and Wn and w are complex stress functions to be determined by the 
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loading a t i n f i n i t y and by the "boundary cond i t ions around the h o l e . 
The overbar , ( - ) , denotes the complex conjugate . 
From the preceding development i t i s c l e a r t h a t a func t ion can 
be cons t ruc t ed "which maps the Q-plane onto the Z-plane for a given 
problem. S u b s t i t u t i n g t h i s func t ion i n t o Equations (15) g ives 
where 
and 
a - a y x 
a x + cjy = W(G) + W(£) , 
+ 2 i T B £ ( 0 W ' ( 0 + w ( g ) 
^y 
m '(0 
Wn(z) = Wn(m(c)) = W(G) , 





dZ dZ = K^ m (£ 
\ 
(16) 
At t h i s po in t i t i s h e l p f u l t o examine one p r o p e r t y of a power 
s e r i e s r e p r e s e n t a t i o n of a func t ion i n the complex p l a n e . I f 
f (5) = . . . + aN? + . . . + ax5 + aQ + a _ ^ " . . . + a_N^" + . . . , 
then the complex conjugate of f, denoted either as f(§) or f(f) 
is given by 
6o 
f (5) = ' • • + f̂ + . . . + a j + aQ + a ^ f "
X + . . . + a _ ^ " N + 
Noting t h a t i f 
then 
Thus 
i i 2 
g = £ • 
N N - l N 
f(i)= ... S i ' V i j i ' ••• +sif + so + 5 - i l + ••• + S - N J J + 
The above relation will be used throughout the rest of this development 
with the understanding that under the conditions of this problem the 
a.Ts will "be real for all functions developed herein and thus a. = a.. 
1 1 1 
For a tension, a, applied at infinity and making an angle Y 
with the x-axis, the stress functions must have the form, for large 
Z or large £. 
and 
Wn(z) = W(£) = i d + 0(£~
2) 
w0(z) = w(C) = - ae"
2iY + 0(c"2) 
The above two equations represent the traction boundary conditions at 
infinity. This dissertation is limited to studies of the stress 
n d i s t r i b u t i o n s r e s u l t i n g from u n i a x i a l t r a c t i o n s app l i ed a t Y = - . 
In t h i s case 
W(G) = | a + 0 ( C "




(C) = a + 0 ( C ") • 
(17) 
The complex displacement (u + iv) i s g iven "by 
^G(u + iv) = S J WQ(Z)dZ - Z w (Z) - J w (z) dZ (18) 
where S is (3 - ̂ |i) for plane strain and (. " ̂ j for generalized 
plane stress, \± is Poisson's ratio, and G is the shear modulus. 
The requirement that the displacements given "by Equation (l8) 
are single valued permits the stress field to be developed in terms of 
a single function of £. By introducing the analytic continuation of 
W(^) across the stress free boundary (Milne-Thornson, sec 6.21), it is 
possible to express the stress function w(^) in the form 
m '(c) w(c) = . ^ ; ( i ) » ( c ) -IX H^Hf (19) 
Equation (19) is a relation between the two complex potential functions 
w(£) and W(£). In essence, this equation is obtained by requiring that 
W(£) be analytic throughout the entire £-plane. Implicitly contained 
in the form of the continuation as given in Equation (19) is the traction 
free condition of the hole boundary. It is observed that if an 
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expression can "be obtained for W(£) then it is possible to solve for 
w(^) by making use of Equation (19). Recall that the mapping function 
is derived as indicated in the previous section. 
The general procedure to follow is to obtain explicit expres-
sions for all the terms on the right-hand side of Equation (19)• The 
final form of the interated mapping function as given by Equation (2) 
is such that B(l) = 1 and all the B(l)Ts are real. Then 
N 




m'(£) =Y (3-21) B(I)C2"21 . (21) 
1=1 
An investigation of the singularities of m'(^) W(£) (Milne-
Thomson, section 6.22) enables one to write 
'(0 W(C) = £ A(I) S 2- 2 1 (22) 
It is noted that for uniaxial loading (tension or compression) along 
the x or y axes all of the A(l) are real. Also note that it is 











y w ] " [m'(c)] = 1 + 0 £ .2-2 (24) 
The coefficients BB(l) can "be obtained in a straight-forward 
manner by substitution of Equation (21) and (23) into Equation (2k) . 
The product of the two summations is then expanded and the coefficient 
of Q is set equal to unity while the coefficients of all other powers 
of Q are set equal to zero. The following set of linear equations is 
obtained. 
(1) B(l) = 1 ^ 
(2) B(l) - BB(1) B(2) = 0 
(3) B(l) - BB(2) B(2) - 3BB(1) B(3) = 0 > (25) 
BB(F-l) B(l) - BB(F-2) B(2) + ... + (5-2N) BB(l) B(N-l) = 0 / 
Since all the B(l)Ts are known, Equations (25) can be solved consecu-
2-2N 
tively for the BB(l)Ts. It should be noted that terms of 0(Q " ) are 
neglected in the product. In the computational procedure it proves 
convenient to write a general expression for the value of BB(l). The 
value of B(l) as previously stated is unity. Thus 
BB(1) = 1 , 
and for I = 2, 3, ... N-l , > (26) 
1-1 
.(I) = ^ [2(I-J) - l] BB(J) B(I-J+1) 
J=l 
The coefficients A(l) can be determined "by making use of the 
traction boundary conditions at infinity. Equations (17)? and the 
continuation relation, Equation (19). For large values of £ it is 
noted that 
m'(c) = 1 
Thus, from Equat ions (17) 
m'(c) w(£) = a + 0 ( c " 2 ) (27) 
and 
m'(0 W(C) = § a +0( C "
2 ) (28) 
By equating relations (22) and (28) it can be seen that 
A(D = § c • (29) 
It is observed from Equation (22) that for the case where all 









= A(l) C2 + X A(I+1) ^ 21-2 
1=1 
Also, from Equations (20), (22) and (2^) 
5(1) w(C) = 5(i) [m'CcjJ^m'Cc) W(C)] , 
or 
N N-l N 
m (i) W(C) = ( X B(I) C
21"3) ( ̂  HB(I) C2"21) ( I A(I) C2"21) (3D 
1=1 1=1 1=1 
Note that Equation (31) is valid only for large Q. Expanding the first 
two summations in Equation (31)? and carrying out the indicated multi-
plication yields 
N-l N-l 
^b'^f-il cpd)21-1)^! cNdu1-21) 
i=i i=i 
N-I 
where CP(1) = Y BB(J) B(I+J) > (32! 
J=l 
N-I 
and CN(I) = Y B(J) BB(I+J-1) 
J=l 
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In a similar manner substituting Equation (32) into (31) and 
expanding the products yields, 
N-l N-l 
/ l 1 (?) W(^ = {( 1 CQ(I) C21"1) + ( I CR(I) c1"21) (33) 
where 
1=1 1=1 
N - l N - l 
+ ( I CSdJc1"23) + ( X CT(1) C3-2(N+I)| 
1=1 m 1=1 
N - l 
CQ(I) = ^ A(J) CP(I + J - 1) , 
J = l 
N-l 
CR(l) = ) CP(J) A(I + J) , 
J=l 
I 




CT(l) = Y CN(J) A(N + 1 - J) 
J=l 
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The last three summations of Equation (33) may "be neglected since (33) 
is valid and used only for large Q. Differentiation then gives 
N-l 
- ^ t X f ) W(0] = " X (2I-D CQ(I)C 21-2 (3*0 
1=1 
Equations (30) and (3*0 are now s u b s t i t u t e d 
N-l 
m' (c) w(C) = { A ( 1 ) C " 2 + 7 [ A ( I + 1 ) - (21-1) C Q ( l ) ] c
2 1 " 2 } -(35) 
1=1 
Then, equat ing the r i gh t -hand s ides of Equations (27) and (35) g ives 
N-l 
£ [A(I+1) - 2(1-1) CQ(I)] C 2 1 " 2 + 0(G"2) = a + 0 ( f 2 ) (36) 
1=1 
Using the d e f i n i t i o n of t he CQ,(l) 's , as g iven in Equation (33 ) , 
and equa t ing l i k e c o e f f i c i e n t s of Q in Equation (36) , a se t of (N-2) 
non-homogeneous equa t ions l i n e a r in the A ( l ) ' s i s gene ra ted . This se t i s 
(1 - CP(2) . . . 
-3CP(3) . . . 
-5CP(*0 
- CP(N-2) - CP(N-l) 
-3CP(W-1) 
- (2N-7)CP(N-1) . . 1 
















The equation for A(N) may be written 
A(N) = a (^tl) CP(N-l) (37b) 
The matrix equation can be solved by inversion of the matrix of coeffi-
cients of the A(l)!s. 
The analysis for the determination of the stress functions is 
now essentially completed. Equation (19) is written in the form 
m'(c) w(C) = i £ ' (i 
£ ^ 
W(C) + «@] " s (|) w'(£) • (38) 
It may also be observed that 
m'(C) W(£)] = m"(C) W(C) + m'(C) W'(C) 
Thus, solving for w'(£) yields 
w/fc) lV(C) W(g)]' -m"(C) W(C) 
* ' ( e ) 
(39) 
Differentiat ion of Equations (21) and (22) yields 




and [*'(G) w(C)]' = £ (2-21) A ( I ) C ( 1 " 2 I ) (M) 
1=1 
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Equations (l6) can be solved for the s t ress components. These 
can be wri t ten in the form 
y M^-t^f?1-^)] 
cr = Re 
x [W(C) ] - Be 
'm(r) w ( r ) , vl 
m (C) J 
(^2) 
and T = 77 Jm xy 2 
"*(<:) w ' ( c ) 
L. m '(c) 
+ w(^) 
In the above equations R,e i s the rea l part of the quantity in 
brackets as Jm is the imaginary pa r t . The pr inc ipa l s t resses at 
a point can be determined by use of the equation 
'2 
CT - a 
x r 
1_ 
2 I 2 / w • u \ c- / u u \ o —i 
(*K3) 
The state of stress at any point in the plate is thus determined as a 
function of Q 
Algebraic Considerations for Computer Programs 
The stresses given by Equations (̂-2) may easily be expressed in 
terms of explicit functions of Q . It is not easy, however, to obtain 
a solution in terms of the coordinates (x, y) of the Z-plane. If the 
stresses at a point (x,y) are required, a value of Q may be assumed 
and an Interation process which converges to the proper £ can be 
Initiated. 
For computational purposes the variable Q is written in polar 
form as 
Q = T\ j cos9 + i sin 
Then from DeMoivre's Theorem 
n ^n r cosn9 + i sin n6 
for any integer n. Thus any summation of the form / b £ can be 
written as n 
V , n V 
ZA ̂  = L bn (cOSn9) ̂  + i 1 b n ( s i n ̂ ^ " (M+) 
n n n 
The following definitions can now be made: 
N 
m (e) = x + iY = £
 B^k 3-21 
1=1 
N 































Use of Equation {hk) enables the real and imaginary parts of 
Equations (̂ 5) to "be computed in terms of T) and 8. To proceed 
further a number of other quantities must be defined: 
ZMAG = |m'(£) 
2 
W(£) = UR + iUI ; 
m'(C) W(C) = TR + iTI ; 
m"(£) W(£) = SR + iSI ; 
w'(£) = PR + iPII ; 
w (Q) = WR + 1WI 
> W 
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Then, from Equations (̂ 5) it can "be shown that (note that an asterisk * 
will be used to indicate multiplication), 
\ 
(hi) 
ZMAG = (XP)2 + (YP) 
UR = (VR * XP + VI * YP)/ZMAG 
UI = (VI * XP - VP * YP)/ZMAG 
TR = PJR + HR * UP - HI * UI 
- [(GR * XP + GI * YP) 
* (VRP - UR * PP + UI * YPP) 
- (GI * XP - GR * YP) 
* (VIP - UR * YPP - UI * XPP]/ZMAG 
TI = RI + HR * UI + HI * UR 
- [(GI * XP - GR * YP) 
* (VRP - UR * XPP + UI * YPP) 
+ (GR * XP + GI * YP) 
* (VIP - UR * YPP - UI * XPP)]/ZMAG 
SR = UR * XPP - UI * YPP 
SI = UI * XPP + UR * YPP 
PR = [(VRP - SR) * XP + (VIP - S I ) * YP)]/ZMAG 
P I I = [ ( V I P - SI ) * XP - (VRP - SR)* YP)]/ZMAG 
WR = (TR * XP + TI * YP)/ZMAG 
WI = (TI * XP - TR * YP)/ZMAG 
I t i s now a p p a r a n t t h a t b y u s e of E q u a t i o n s ( ^ 5 ) , (^6) and (h7), t h e 
c o m p u t a t i o n of t h e s t r e s s e s f o l l o w s from E q u a t i o n s (^-2). The r e s u l t s 
of t h e s e c o m p u t a t i o n s can f i n a l l y be e x p r e s s e d i n t e r m s of t h e s t r e s s 
components as 
CTX = UR - 0 . 5 J |~ (PR * X + P I I * Y) * XP 
+ ( P I I * X - PR * Y) * YP /ZMAG + W R | 
cr = UR + 0 . 5 
y 
(PR * X + P I I * Y) * XP 




T = 0.5 -iT(PII * X - PR * Y) * XP 
- (PR * X + PII * Y) * YPl/ZMAG + Wlj 
Computational difficulties arise throughout the development 
due to the large powers of Q which are required. It is, therefore, 
necessary to use double precision in order to increase the capability 
of the program. Very good mapping functions can be obtained using 
N = hi for ratios of hole height to hole length greater than or equal 
to 0.2+0 (p ̂  0.2+0). For p < 0.2+0 it is necessary to increase the size 
of N. Good results can be obtained with 11 = 91 for p as small as 0.05. 
If only the boundary stresses are required, they can be obtained 
from a computation of only W(^). In this case N = 2+1 will provide good 
results for p = 0.05. The necessity for increasing the number of terms 
in the solution arises in the computation of w(^) which requires 
differentiation of many of the series. 
The stresses as computed by this method for values of p from 
1.0 -* 0.05 have been shown in Figures 10, 11, and 12 as dashed lines. 
The stresses for p = 0.5 have been checked with those of Heller, Brock, 
and Bart [36] and the agreement is excellent. 
Photoelastic Determination of Stresses 
in Plates with Holes 
In the previous section a method for determining the stress 
distribution in an infinite plate with a hole was presented. Naturally, 
it is desirable to determine the effect of finite width on this distri-
bution. The analytic determination of the stress distribution in 
finite width plates is extremely difficult. Howland [26] has obtained 
a solution for finite width plates containing circular holes. Savin 
[35] has suggested the use of an iterative scheme in a complex variable 
solution to solve this problem for any shape hole. In problems of this 
type, however, experimental techniques are usually used to determine 
stress distributions. 
The determination of the stress distribution in a thin plate made 
of birefringent material is accomplished by the techniques of two-
dimensional photoelasticity. The isochromatic fringe pattern produced 
in these techniques represents lines of constant magnitude of the 
principal stress difference. Thus, obtaining the fringe order at a 
point is equivalent to obtaining the difference in the principal stresses 
at the point. In order to find the individual stresses, however, some 
additional information must be obtained. This additional information 
can be obtained from a numerical solution for the sum of the principal 
stresses. The details of this solution will be discussed in a subse-
quent section. 
It should be pointed out that although the region of compressive 
stress is of primary interest for the study of buckling, the complete 
stress distribution in the plate is obtained. Thus, a great deal of 
information has been obtained about the effects of finite plate width 
and of hole geometry on the stress distribution. This includes, of 
course, determinations of stress concentration factors. This informa-
tion is useful design data and adds to the stress concentration data 
given by Frocht and Leven [37]. 
Models and Apparatus 
The apparatus used for the photoelastic part of this study was 
relatively simple. A standard transmission polariscope with a twelve 
inch diameter field was used. Because of the size of the model and 
the associated end grips, the straining frame normally used with this 
polariscope was not satisfactory. Instead, the polariscope was placed 
in an Instron Universal Testing Machine. The testing machine was then 
used in place of the straining frame. 
An x-y micrometer traveling table was mounted in front of the 
polariscope analyzer. The table was mounted to provide a capability 
for travel in a plane parallel to the analyzer. To increase the accuracy 
of the measurements a telemicroscope with a zoom-lens attachment was 
positioned on the x-y table perpendicular to the plane of the analyzer. 
This system provided the capability of accurate fringe measurements 
in regions of high stress gradients. It also permitted the use of a 
smaller grid size. 
The models used in this study were made of a clear polyester 
sheet, PSM-1, produced by Photolastic, Inc. Special care had to be 
taken on the machining of this material to prevent machining stresses. 
This material is excellent for two-dimensional models since it does 
not exhibit any time edge effects, and it is virtually free of creep. 
It has a relatively high Young's modulus (3̂ -0,000 psi) and a high 
photoelastic sensitivity (stress optic constant of ̂ 0 psi/fringe in a 
one inch thick plate). The sheet thickness of 0.125 inch was selected 
and all models were machined to size from standard ten inch square 
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sheets. 
A set of end fixtures was manufactured from one inch thick 
aluminum plate stock. A slot 0.75 inch deep was machined in the end of 
the fixture and a row of 0.25 inch diameter holes was drilled with a 
0.75 inch spacing between centers. Figure 5 illustrates the details of 
the fixture. 
The models were connected to the end fixtures with 0.25 inch 
diameter bolts. It was found that very good distributions of load 
into the models could be achieved if the bolts were adjusted for each 
hole by filing them as needed. The adjustment continued until a 
satisfactory distribution of end traction was developed. The models 
were machined with the centerline as a reference in order to minimize 
eccentric loading effects. Figure 6 illustrates a typical model con-
figuration. Table 1 gives the model nomenclature and the exact dimen-
sions of each model configuration. It should be noted that the para-
meters examined were the hole length to plate width ratio, y , and 
the hole height to hole length ratio, p . 
The plate length was generally found to be long enough to have 
little effect on the stresses in the vicinity of the hole. Naturally, 
a fringe pattern associated with the bolts used for loading was evident 
in the vicinity of the end fixtures. There was also a fringe pattern 
which could be associated with the redistribution of stresses due to 
the presence of the hole. For models less than six inches wide these 
patterns were distinctly separated by a large region of uniform color. 
That is, local effects due to the loading bolts and the hole were not 




All Dimensions in Inches 
Figure 5- End Fixture for Photoelastic Models 
Table 1. Photoelastic Model Designations and Dimensions 
Height of Length 
Series Slot = 2R Slot = 
D 0.250 0.312 
E 0.250 O.kVJ 
F 0.250 0.500 
0 0.250 0.625 
H 0.250 1.25 
I 0.250 2.50 
J 0.250 5.00 
= 2R Model 1 Model 2 
p '" 2H W W 
0.80 3.12 I .56 
0.60 1+.17 2.08 
0.50 5.00 2.50 




Model 3 Model k Model 5 
W W W 
1.01+ 0.782 0.625 
1.39 1.01+ 0.83U 
1.67 1.25 1.00 
2.08 1.56 1.25 
4.17 3.12 2.50 
8.33 6.25 5.00 
10.00 
79 
being subjected to a uniform traction along a line perpendicular to the 
direction of loading and lying in the region of uniform color. 
If the model was over six inches wide it was difficult to obtain 
this region of uniform color. There was then some question as to whether 
or not the distribution of load into the plate was representative of the 
uniaxial stress which was desired. To answer this question, several of 
the loading bolts were completely removed and the fringe pattern in the 
vicinity of the end fixtures was distorted. Under these conditions very 
little change in the fringe orders in the vicinity of the hole was 
observed. A maximum of about 0.05 of a fringe order change was observed 
in low stress regions and about 0.20 of a fringe order in high stress 
regions. In either case the change was less than five percent of the 
total fringe order. 
Another indication that the end fixtures were providing a 
uniform loading distribution was the symmetric nature of the pattern 
developed. Also, the zero degree Isoclinics fell without exception on 
the geometric lines of symmetry of the models. 
A rectangular grid pattern was selected as being the most con-
venient for rapid analysis of the models. The segment of circular 
boundaries was small In comparison with the total boundary length for 
most models investigated so the use of a polar system was not warranted. 
The grid pattern was scribed onto the models with the tip of a height 
gage which was accurate to within 0.001 inch. The spacing of the grid 
was changed four times on each model. The spacing was finest near the 
hole and became progressively more coarse away from the hole. A typical 
model and grid pattern is shown in Figure 6. 
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Photoelastic readings "were obtained for each grid point on a 
model. Depending on the size of the model, it took from one to four 
hours to complete the analysis. At each point, the angle of the 
principal stresses was determined. The fringe order, which is linearly 
proportional to the difference in the principal stresses, was then 
obtained "by Tardy compensation. This method of obtaining fractional 
fringe orders is rapid, and if used properly, provides very accurate 
results. 
The total load applied to a model was approximately that which 
was necessary to produce a uniform field of one fringe order. The 
exact load necessary to produce this fringe order could not always be 
established with accuracy. For calculations all of the fringe orders 
were normalized with reference to an average of the fringe orders along 
a horizontal line far above the hole. 
As noted previously, the fringe order is linearly proportional 
to the difference of the principal stresses at a point. For all traction 
free boundaries one of the principal stresses is normal and the other 
is tangential to the boundary. The normal principal stress is then 
zero and the photoelastic reading on a boundary represents the magni-
tude of the boundary tangential stress. The sign of the stress (i.e., 
tensile or compressive) can be determined from an apriori knowledge of 
the problem or by use of a compensating wedge. The above property is 
used in the solution of the complete stress distribution problem. 
References to negative values of fringe order are often found in the 
literature. These, however, are simply conventions adopted to illustrate 
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specific problems and they convey an erroneous impression regarding the 
possible character of the fringe order. 
The difference of the principal stresses (normalized to a 
uniform tensile field of one) is given by 
U = a - 0" , 
P q 
(̂ 9) 
where a and o~ are the normalized principal stresses at a point 
p q 
and 
o ^ o p q 
Thus, U will always be positive or zero. The sum of the principal 
stresses, on the other hand, may have either a positive or a negative 
value. If V denotes the sum of the principal stresses then on a 
traction free boundary 
and 
V = U if o ^ 0 and o = 0 , 
P q 
V = - U if a = 0 and o 4 0 . 
P q 
> (50) 
If body forces and temperature effects are absent and if the 
plate remains flat and is free of dislocations then the compatibility 
requirements from the formulation presented in Chapter II are 









5(V2 F) _ x d(v
2 F) 
dv ds 
r ^(V2 F) + v aft* F) 
ds = 0 
ds 3v 
ds = 0 
In general, the above relations along with the in-plane "boundary con-
ditions can be used to solve for F. Since, however, the present 
solution makes use of experimental results the problem is partially 
solved. With the aid of the experimental results, a new problem can be 
posed which is mathematically complete. 
Note that 
V F = (F, + F, ) = O- + G 
'xx >YY x y 
The sum of the normal stresses, however, is an invariant thus 
O" +0" ~ G + G - V 
x y p q 
Thus, the compatibility equation can be written as 
V V = 0 . (5D 
The domain of Equation (51) is the portion of the photoelast ic models 
indicated in Figure 6. I t i s seen that only one quadrant of the pla te 
had to be used since symmetry conditions were imposed along the axes. 
The "boundary conditions used with Equation (51) are obtained from the 
photoelas t ic readings. 
For properly specified boundary conditions the solution of 
Equation (51) is unique. I t is of in te res t to note that the solution is 
obtained without the application of the auxil iary equations. An 
in te ra t ive procedure is used to obtain a numerical solution of V. The 
inputs necessary for th i s solution are the boundary values of V as 
obtained from Equation (50). The general two dimensional f in i t e 
difference formula given by Frocht [6^+] for solution of Equation (51) is 
{-k + bl) V0 = aTa^cT VA + Rb îy \ ^ 
+ c ( c + a) VC + d(b + d) VD 
where V„, V , V . V , and V are values of V at the subscripted 
O A B C D 
points. The quantities a, b, c, and d are the distance from point 0 
to the corresponding points. The geometric relationship of the points 
to one another is illustrated in Figure 7. 
Using Equation (52), equations can be written for each interior 
point (points not on the boundary) and four neighboring points. The 
resulting system of equations was solved by use of the Gauss-Seidel 
iteration method. In the use of this method the initial value of V 
at the interior points can "be arbitrarily selected. Convergence to 
the correct values will be faster, however, of the initial values are 
approximately correct. In the calculations of V for these models- it 





Figure 7. Relationship of Finite Difference Points 
The iterative procedure was terminated when the sum of the 
absolute values of all changes from one iteration to the next was less 
than 0.01. That is, 
N 
Error •I h i=l 
(s) _ v (s+1) 
i 
< 0.01 
In the above re la t ion N is the number of in te r io r poin ts , V is the 
l 
value of V at a point i, and s is the number of the iteration. 
The number of Iterations necessary for convergence varied from about 
60 for the smaller models to over -̂000 for the larger ones. 
When the inunction V has been determined, to sufficient accuracy., 
it is a simple matter to determine the individual principal stresses 
from 
cip = | (V + U) , 
and o- = | (V - U) 
(53) 
If the stress components in the x and y directions are required, they 
can be found by making use of the principal stress angle determined 
photoelastically. For the purposes of this study it was sufficient to 
express the stresses in terms of the principal values. 
Discussion of Stress Distribution 
As indicated in Table 1, a total of 28 model configurations were 
examined in the photoelastic part of this study. Seven different hole 
geometries and five different hole length to plate width ratios were 
included. Supplementing these were the results from the complex 
variable solution for infinitely wide plates. Also included are results 
for circles in finite width plates. These were obtained from Howland's 
paper [26]. 
In Figures 8 and 9 the stress concentration factor has been 
plotted as a function of the hole length to plate width ratio, y 
The solid lines connecting points between y = 0.1 and y = 0.5 
represent finite width plates. The dashed lines connect these results 
for finite width plates with the complex variable results for infinitely 
wide plates. The finite plate width results for circular holes (p = 1.0' 
were obtained from Howland. All other results for finite plate widths 
are from the photoelastic experiments. In Figure 8 the stress concen-
tration factor is "based on the average stress in a section far above 
the slot. In Figure 9 the stress concentration factor Is based on the 
stress in the net section through the slot. Figure 8 indicates that the 
maximum stress increases as plate width decreases; however, Figure 9 
indicates a decrease in the stress concentration factor based on the 
net stress. 
For the type of problem involved it would be expected that the 
dashed curves in Figure 8 would have a positive slope rather than the 
negative slope indicated. The probable cause for the discrepancy is 
the difficulty associated with taking photoelastic readings in regions 
of high stress gradients. There is a natural tendency to average read-
ings over small areas, and this accounts for the low photoelastic read-
# • 
ings. 
Figures 10(a) through 10(h) give the distributions of cr along 
the x-axes of the plates. Each figure in this sequence represents a 
particular hole geometry. The plate half width in each case is taken 
to be unity. The dashed lines represent the complex variable solution. 
The complex variable solution in some cases coincides with the photo-
elastic solution. In these instances only the dashed curve is shown. 
Where differences exist, both dashed and solid lines are presented. 
Note that the complex variable solution was carried out to only four 
It should be noted that a number of workers have shown that an analysis 
including couple stress effects can result in a reduction in the 








Figure 8. Stress Concentration Factor 
Based on Total Plate Area 
<x 






Slo t Length 
P l a t e Width 
Figure ^. S t r e s s Concentra t ion Factor 
Based on Net P l a t e Area a t Slot 
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times the hole length. 
Figures 11(a) through 11(h) give the distributions of a 
along the y-axes of the plates. Once again each figure represents a 
particular hole geometry and it is assumed that the plate half width 
is always unity. The complex variable result is again presented in 
dashed curves. The complex variable solution appears lower in magni-
tude than the photoelastic solution at the edge of the hole. An 
explanation of this deviation is the "swayback" shape which the mapping 
function gives to a hole with a straight line. This "swayback" effect 
is less accentuated as the length of the hole increases and it is seen 
that the complex variable solution for the maximum compressive stress 
approaches the expected value of minus one. 
The photoelastic results indicate a gradual increase in the 
magnitude of the maximum compressive stress as the hole length to 
plate width ratio, y , increases. It should be noted that as p 
decreases from 1.0 to 0.2 the difference in the maximum compressive 
stresses from Y = 0.1 to y = 0.5 decreases. The increases in the 
magnitude of this stress shown in Figures 11(g) and 11(h) for values 
of p equal to 0.1 and 0.05 are contrary to the above noted behavior 
and are difficult to explain. An examination of these two models 
revealed that the slots were slightly wider at the center than they 
were at the ends; i.e., they tend toward elliptical shapes. It has 
been shown by DureHi, Parks, and Feng [39] that the maximum compres-
sive stresses for elliptical holes can be much greater than minus one 
for plates of finite width. Thus, it is conceivable that in a loaded 
condition, the long slots could behave to a small extent like ellipses. 
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Another sequence of stress distributions is given in Figures 
12(a) through 12(h). This set of figures represents the tangential 
boundary stress around the holes. Stresses plotted exterior to the 
boundary are tensile while those interior are compressive. Again each 
figure represents a particular slot geometry. For clarity of presenta-
tion, only representative photoelastic results have been presented on 
these figures. In each figure the complex variable solution is shown 
as a dashed curve. In Figure 12(a) no complex variable solution is 
shown since it coincides so closely with the result for y = 0.1. All 
of the correlations between the complex variable solutions and the 
results for finite width plates which were discussed for Figures 10 and 
11 can also be seen in Figure 12. 
The nature and size of the region of compressive stresses is of 
special importance. The type of plot which illustrates these features 
of the stress distributions is shown in Figure 13. Figure 13 is a plot 
of constant value of compressive principal stress magnitude. The trends 
which are evident from a study of plots such as Figure 13 are referred 
to in the next chapter. These trends are the basis for important 
decisions concerning the buckling behavior. Although no other figures 
such as Figure 13 will be given, any trends discussed can also be 
observed from a study of Figures 11 and 12. 
In the preceding sections comparisons were made between results 
from the complex variable analysis and the photoelastic analysis. Both 
methods of analysis possess inherent limitations which restrict their 
use in stress analysis. Fortunately, the specific limitations differ 
and as a result, the two methods may be used to supplement one another. 
This has been clearly illustrated in the results which have been 
presented. The use of both methods of analysis has, in fact, made it 
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DETERMINATION OF TENSILE STRESS 
TO CAUSE BUCKLING IN PLATES WITH HOLES 
The objective of this chapter is to derive a relation which 
can be used to predict the tensile stress at which a sheet with a slot 
will undergo a local buckling type phenomenon. This will be done by 
analyzing experimental results obtained on specimens whose geometric 
parameters are varied. The buckling load of the perfect system will be 
inferred from an examination of the data obtained from the imperfect 
system. 
Depending upon the type of imperfect system being examined, the 
method of inferring a buckling load for a perfect system may differ. 
The validity of the inference should always be justified. Often, the 
justification given is simply of an empirical nature. It is preferable, 
if possible, to use as a starting point an analysis of a mathematical 
model of the physical behavior involved. 
The problem examined here is similar to a supported plate under 
edge compression in that the load versus lateral displacement curve is 
of the form generally recognized as associated with a stable post-
buckling configuration. A system of this type may be depicted as in 
Figure 1^. The vertical load axis and C-P-,-0' represent equilibrium 
branches of a perfect system. The vertical branch is stable up to a 
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bifurcation point, P . For loads greater than P , branches P-.-C and 
P -c' are stable and the vertical branch is unstable. The curve 
O-A-B represents an equilibrium path for a corresponding imperfect 
system. The dashed curves O-A-D and P -D7 "will be discussed in a sub-
sequent section. 
Dixon and Strannigan [Ul] have examined the problem of determin-
ing the tensile buckling load for thin sheets with central slots. The 
problem of ultimate interest to them was the cracked sheet. They 
determined upper and lower limits of the buckling load from observations 
made on load-displacement curves similar to O-A-B in Figure 1^. 
In another investigation Bingham [57] determined tensile buckl-
ing loads of thin sheets with central, rectangular cut-outs. Bingham 
attached a photoelastic strip to the sheet and analyzed the resulting 
fringe pattern. The photoelastic fringe pattern was similar to that 
developed in a column under end compression. The bending component of 
the fringe patterns was then analyzed by a Southwell technique to 
determine the critical loads. 
In a series of papers [5̂ -? 65, 66~] dealing with the behavior of 
cracked sheets in tensile fields, Clarkson and his associates also 
determined buckling loads. They were primarily concerned with behavior 
under dynamic conditions where the excitation of the plate was caused 
by acoustic pressure fluctuations. They associated the buckling 
condition with observations of the frequency response of the plate. 
The applicability of the Southwell technique to plates with 
nonuniform prebuckle stress states has been examined by Carlson and 
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his students [67, 68]. Some of this work checked the feasibility of the 
Southwell method of analysis for this problem. It was found that the 
Southwell method could be applied provided certain restrictions were 
imposed. It may be shown that the condition for applicability of the 
Southwell method is that middle surface stretching due to bending must 
be negligible. This may be experimentally determined if the midsurface 
strains are measured. For the sake of completeness a discussion of 
the Southwell technique as presented in reference [67] will now be 
presented. 
Southwell Technique 
In order to discuss the applicability of the Southwell techni-
que on a mathematical basis, it is essential to begin with the govern-
ing differential equations of the problem. These have already been 
given in Chapter II. The compatibility equation is given by 
h 
V F = E 
2 2 ~1 
(w, ) - w, w, - (w ) + w w ( l ) 
5xyy ' x x ?yy o , xy / o ,xx o,yyJ 
where here terms involving the ini t ia l deviation from flatness, w , 
have been included. It should be noted that (w - w ) is the deflection 
v o 
due to the applied load. The transverse equilibrium equation is 
I4 
DV (w - w ) = h(F , w, + F, w, - 2 F, w, ) . (2) 
o ?yy 3xx ' xx 'yy ?xy ?xy v ' 
Body forces and temoerature effects are not included in the above 
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equations. The associated boundary conditions and auxiliary conditions 
necessary for the solution of these equations have been presented in 
Chapter II and change only slightly when the w terms are included. 
In a linearized version of this theory the terms on the right 
hand side of Equation (l) are neglected. Thus, the equations become 
uncoupled and it is possible to solve Equation (1) for the stress 
function. This procedure is valid if the deflection and the initial 
deviation from flatness are sufficiently small. It may also be noted 
that 
(V, ) - w, "w, v xy 'xx ?yy 
and 
("W ) - W W 
o,xyy o,xx o,yy 
represent, respectively, the Gaussian curvatures of the total deflection 
function and the initial deviation from flatness function. Thus, if 
these functions represent developable surfaces, Equations (l) and (2) 
are indeed uncoupled. 
The uncoupled forms of Equations (l) and (2) are thus 
lh F = 0 (3) 




D V W - hF, W, - hF, W, + 2hF, W, (h) 
'yy 'xx xx 'yy 'xy 'xy 
= hF, w^ + hF, w - 2hF, w 
'yy 0,xx 'xx o,yy 'xy o,xy 
where, for convenience, the substitution (W = w - w ) has been made. 
Due to the uncoupling, the in-plane stress distribution is linearly 
proportional to the external loading and a load intensity factor, X 
can be introduced such that 
hF, 
-EL = \ p (x,y) D ^1 
hF, 
xx 
D ,v ̂ 2 
2hF, 
and — ^ - ^ = X P3 (x,y) 
Then Equation (h) may be expressed as 
= X P 0 (x,y) . (5) 
v^w - x ( P w, + p w, + p w, ) (6) 
-L XX d yy -3 AY 
= \ ( p n w + p 0 w + p 0 w ) 
v ^ l o,xx ^2 o,yy ^3 o,xyy 
If w = 0 in Equation ( 6 ) , and the appl ied loading i s capable of 
producing buck l ing , then an e igenvalue problem a r i s e s . Associa ted with 
t h i s problem are e igenfunct ions W-., W . . . and e igenvalues \ 9 X0, 
. . . This e igenvalue problem i s in gene ra l extremely d i f f i c u l t t o solve 
for stress distributions such that p , p , and p are other than 
constants. This development, however, is not concerned with the actual 
solutions of problems "but rather the properties of these solutions. 
The eigenfunctions of this problem are linearly independent [68] 
thus suggesting that the continuous deviation from flatness function 
may be well represented "by the expression 
m 
w = 1 \\ > (7> o 
n=l 
where the admissible w are restricted to those having the same 
o to 
boundary conditions as the W . Reference [67] describes two possible 
schemes for computing the a . If Equation (7) i s a good representation 
of w , then the solution of Equation (6) i s the par t i cu la r solution 
which can be wri t ten as 
m 
a. 
fe.J x k QO 
A 
y fx \ \ • w 
If the eigenvalues of the problem are well separated, then as X 
approaches X,, the first term on the right of Equation (8) will 
dominate. Equation (8) can then be rewritten as 
m x - x 
w = *i (!) - aA - I (IT^T) \ \ - (9) 
k=2 
12^ 
The above equation is of the Southwell form if the terms of the 
summation are neglected. If an experimental investigation is carried 
out under the restrictions imposed by Equations (3) and (k), then an 
emerging linearity of a plot of ( —J versus W should be observed as 
X aproaches A.-, • A judicious choice of the point where measurements 
are taken can increase the accuracy of the results considerably. For 
instance, choosing the point so that it is a relative maximum of the 
W-, shape and a node of the W shape can markedly increase the 
sensitivity. 
A simple effective way to check the applicability of the 
Southwell method to plate problems is to plot the midsurface strain as 
a function of load intensity X. This, in essence, provides a check on 
the validity of Equations (5). A departure from linearity of the above 
type of plot indicates that there is middle surface stretching due to 
bending and then the terms on the right-hand side of Equation (l) can-
not be neglected. 
Description of Specimens and Experimental Procedure 
The experiments described in this chapter were designed to 
provide data from which the buckling loads of slotted thin sheet 
specimens could be determined. The sheet specimens were designed to 
eliminate the effect of sheet length from the behavior of interest. 
Each specimen can then be characterized by only two nondimensional para-
meters. These are the hole length to sheet width ratio, y, and the 
hole height to hole length ratio, p. The dimensional specifications 
of each of the specimens tested are given in Table 2. It should be 
Table 2 . Model S p e c i f i c a t i o n s 
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0.48 0.60 0.72 O.96 1.20 
0.48 O.96 1.20 1.44 1.92 2.40 
O.36 0.72 1.44 1.80 2.16 2. 3.60 
0.48 0.96 1.92 2.40 2.88 3.84 4 . 
0.30 0.60 1.20 2.4o 3.00 3.60 4.8o 6.00 
Se r i e s 2R= W= Model Model Model Model 
Q, O.OO63 12 1 2 3 4 
Cracks 2H = 2.0 2H = 2.2 2H = 3.0 2H = 4.0 
A l l dimensions in inches . 
VJl 
12b 
noted that the results on specimens with cracks, series Q, have "been 
reported in reference [67] and are referred to in that reference as 
the prestressed models. 
The prestressing referred to is simply a process of transform-
ing the crack buckling problem into an elastic problem. This was done 
by applying a slight lateral pressure to the sheet during the initial 
loading cycle. The sheet was thereby restrained from buckling and 
upon unloading was still flat. Because of the very high stress con-
centration factor at the crack tip, residual stresses were of course 
present, but subsequent loading involved only an elastic response as 
long as the prestress load was not exceeded. 
In test series, K, L, M , K and P the slot tip radii range 
from 0.30 inch to 6.00 inches. The loads applied to the specimens 
of these series were kept well below the known proportional limit of 
the material. This was possible since there was an apriori knowledge 
of the stress concentration factor obtained from the photoelastic 
results. 
The specimens were made from 0.020 inch thick sheet of the 
aluminum alloy 202̂ +~T3. End plates made of O.365 inch thick bar stock 
of the aluminum alloy 202̂ --TU were bonded on both faces of the sheet 
with a room temperature curing epoxy. Two dowel pins were used at 
each end to assure proper alignment of the end plates on the sheet. 
A typical specimen is illustrated in Figure 18. 
For the crack models, s e r i e s Q, a crack was s imulated by use of 
a j e w e l e r ' s saw with a b lade width of O.OO63 inch . Access for the 
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"blade was made by drilling a hole in the center of the specimen with 
a No. "jk carbon steel drill. The slot configurations were machined 
on a milling machine using a fly cutting process. Each series of slot 
configurations represents one model with a fixed length of slot. The 
change of configuration then amounted to increasing the end radius 
until a circle was produced. 
Each specimen was loaded in an Instron testing machine with the 
load range being determined by the estimated buckling load and the load 
increments being chosen to provide sufficient data for analysis. 
In the section in which the applicability of the Southwell 
technique was discussed it was indicated that lateral deflection 
measurements should be obtained. Actually any measurement which is 
linearly proportional to the deflection is just as suitable or some-
times, as in this particular case, more suitable. Since the bending 
strain is linearly proportional to the curvature, two strain gages 
were mounted back-to-back in the standard configuration for measuring 
bending strain. The gages were centered on the specimen and as close 
to the slot edge as practical with their strain sensitive direction 
perpendicular to the line of loading. The gages were connected to a BLH 
strain indicator through a BLH switching and balancing unit. The 
switching and balancing unit was connected to yield both the output of 
the individual gages and the difference in the gage outputs. The out-
put from the individual gages represented the surface strains while 
the difference of the gage outputs was twice the bending strain. The 
algebraic average of the two individual gage outputs, on the other hand, 
represents the middle surface strain. The measurement of the middle 
surface strain, as noted, earlier, is used to establish the range of 
validity of the extended Southwell method of analysis. 
In addition to strain gages, displacement transducers (LVDT's) 
were used to measure displacements. Although the data from the LVDTTs 
should have yielded the same results as the strain gages, the agreement 
was not consistent. In some instances Southwell data from each source 
produced results which were in agreement, whereas in other cases they 
did not. For the LVDT system the discrepancy appeared to stem from 
rigid body motions and sheet straightening which took place during 
loading. These observations and the fact that the LVDT measurements 
produced results which were not internally consistent led to a decision 
to use results based on the strain gage measurements. These proved to 
provide both a high sensitivity and good consistency. 
Test Results 
It has already been mentioned that bending strain measurements 
were analyzed to determine buckling loads. This is a convenient 
quantity to use since twice the bending strain is equivalent to the 
algebraic difference of the two surface strains. The surface strains 
must be obtained to compute the midsurface strain which is the algebraic 
average of the two surface strains. It has already been noted that 
the midsurface strain is used to determine the range of applicability 
of the Southwell analysis. In most instances the bending strain 
behaved erratically at relatively small loads. This type of erratic 
behavior is common during the initial application of load. Lundquist 
[70] observed the presence of this behavior in column experiments and 
to eliminate the error associated with incorrect load data, he proposed 
a modified Southwell plot which overcomes some of this initial erratic 
"behavior. 
A Lundquist type relation can be obtained in the same way as 
the Southwell type relation presented previously in this chapter. The 
Southwell relation has the form 
*i {-) = w + a A > 
where the plotted variables are 
and W 
A.-
In a modified form of the Lundquist type, the basic relation is 
, W - W -. . . 
(xi - xo) k ™ = (w - w o ) + (ai+ w o K • (10^ 
In relation (10) the plotted variables are (W - Wn)/(\ - \n) and 
(W - W„). It should he noted that the zero subscript refers to a 
point on the load vs. deflection curve where the erratic initial 
behavior appears to have been overcome. 
If twice the bending strain is defined as Ae, then the 
variables to be plotted are 
Ae - AeQ 
p _ p — and (Ae - AeQ) 
o 
The inverse of the slopes of these lines may then be identified as 
the quantity of (P_ - P ) where P is the value corresponding to the 
smallest eigenvalue. 
A typical set of curves is shown in Figures 15, 16, and YJ. 
Figure 15 represents the strain differences, Ae, Figure 16 represents 
the midsurface strain, and Figure 17 is the corresponding Lundquist Plot. 
Point A in Figure 16 indicates the deviation from linearity which 
imposes the limit of applicability of the Southwell method. The 
location of point A has also been indicated in Figures Ik and 15, and 
is reflected in the Lundquist plot by a decrease in slope beyond point A. 
This is related to the stiffening characteristic indicated beyond point 
A in curves O-A-B of Figures 14 and 16. The dashed curves of Figure Ik, 
i.e., curves P. - D and A-D, correspond to the solution of the perfect 
and imperfect linear, uncoupled problem. 
If point A has not been determined from Figure 16, then an 
attempt to use the Lundquist plot of the data in Figure 17 would tend to 
Note that the conversion from the deflection function to the strain 
differences in the Lundquist relation can be readily performed by 
differentiation of W twice with respect to the appropriate 
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result in a straight line of smaller slope than that shown. This 
follows because the analyst would probably try to include data beyond 
point A. The smaller slope would, however, produce an overestimation of 
the critical load, so this observation demonstrates the importance of 
determining the limits of applicability of the Southwell or Lundquist 
methods. 
Table 3 gives values of P for each of the models. These 
values are the average obtained from Lundquist plots using several 
values of P . The slopes of the lines were computed by a least square 
method. An average of several values was obtained since total variations 
of as much as 10 percent were observed when different values of P were 
used. 
Analysis of Results 
The results presented in Table 3 indicate general trends that 
had been expected. These are: 
(1) The critical load decreased as the length of the slot 
increased 
(2) The critical load increased as the end radius increased. 
The first trend is the most dominant and has received the most attention 
in the literature. The only mention of the effect of radius found in 
the literature is in the work of Bingham [57]• Bingham concluded that 
increasing the corner radii of rectangular holes in plates under tension 
caused the buckling load to increase. 
In the present discussion the critical stress will be defined 
as the critical load divided by the total cross sectional area of the 
plate (i.e., the area of a cross-section not passing through the slot). 
The critical stress has "been represented as 
-er = K E ( ! i ) 2 • M 
References [kl9 51? 5^? 55] have all used relations comparable to 
Equation (11). In these papers the quantity K is not constant and it 
is usually given for each model or series of models for which results 
are reported. 
Walker [53] has suggested that an analogy "be made "between the 
crack "buckling problem and a column on an elastic foundation. If this 
type of analogy is used, Equation (11) would not be a constant. Guided 
by this observation, one might propose an equation of the form 
o- = C E cr (tf(1+?) <12> 
where C is a constant and the quantity F may depend on dimensionless 
ratios of the geometrical parameters. 
Assuming that Equation (12) provides a valid representation, and 
defining a new non-dimensional critical stress parameter a gives 
J ^ - = C ( I + F) (!3: 
Ktf 
The values of o~ for all of the models tested in this program are 
cr 
given in Table k. It is seen that trends are not as apparent in this 
Table 3 . C r i t i c a l Loads, P 
cr 
Model 1 Model 2 Model 3 Model h Model 5 Model 6 Model 7 Model 8 
p - 0.05 p = 0 . 1 p = 0 .2 p = O.k p = 0.5 p » 0.6 p = 0 .8 p = 1.0 
Se r i e s K 
2H = 1.2 1+1+00 1+500 I+56O 5130 5^20 
Ser i e s L 
2H = 2.1+ 720 835 970 1030 1210 1220 
Se r i e s M 
2H = 3.6 ^75 605 61+0 666 700 730 770 
Ser i e s N 
2H - J+.8 1+55 3 ^ 310 338 388 1+18 1+3^ 
Se r i e s P 
2H = 6.0 157 226 2^0 25k 270 281+ 312 3^0 







= 1+10 P 
c r 
= 270 
* p i s given in pounds 
2fT i s given in inches 




Table k. Nondimensional C r i t i c a l S t r e s s e s , a cr 
cr 2 
E(is) 
Model 1 Model 2 Model 3 Model h Model 5 Model 6 Model 7 Model 8 
p = 0.05 p = 0 .1 p = 0.2 p = 0.1+ p = 0.5 p = 0.6 p = 0 .8 p = 1.0 
Ser ies K 
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Se r i e s N 
2H = 4.8 9.90 
Se r i e s P 
2H = 6.0 5.61 12.15 
Se r i e s Q, 2H = 2.Q 2H = 2.2 2H = 3.0 2H = 4.0 
Cracks <j = 3-97 <r = 4.08 <j = 3.66 <j = 4.28 
cr cr cr cr 





form of tabulation as they are in the tabulation of the critical loads. 
It is evident, however, that except for models H2 and N33 there is a 
gradual rise in the value of a as p increases for a given slot o cr r 
length. In addition there is in general an increase in cj as p 
is held constant and slot length is increased. 
The increase in a with increasing p was expected and is 
cr r 
the same trend as noted with the critical loads. The increase of 
CJ with increasing slot length, however, was not expected. If the 
dependence of o on the ratio (t/2H) had been correctly assumed, 
then any change in o~ as slot length increased might naturally be 
attributed to a width effect, i.e., on the ratio y. It would certainly 
be possible to say under these conditions, then that an increase in y 
would result in an increase in a based on results in Table k. This 
cr 
is equivalent to a stabilizing effect. Dixon and Strannigan [4l] have 
presented results for this problem which seem to indicate a dependence 
on plate width. The results of Danis [56] are presented in a similar 
fashion and appear to show a dependence on plate width. 
In Chapter III of this dissertation a thorough investigation of 
the stress distribution around slots in plates was presented. Some 
characteristics of the region of compression were noted from these 
stress distributions. In particular it was noted that for a fixed 
hole geometry there was an increase in the magnitude of the maximum 
compressive stress as the value of y increased. Also, there was a 
very slight but noticeahle increase in the overall size of the region 
of large compressive stresses. The region of large compressive stresses 
is considered as that area in which one of the normalized principal 
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Thus it can be concluded from the trends noted in the stress 
distributions that both the magnitude of the compressive stress and 
the size of the compressive region increases as y increases. Both of 
these trends would intuitively be expected to have a destabilizing 
effect on the buckling behavior. On the basis of these features of the 
stress distributions, then, it is inconsistent to conclude that increas-
ing y has a stabilizing effect. It appears then that the implicit 
assumption that a depends on the ratio (t/2H) in the form expressed 
in Equation (11) is not acceptable. 
An examination of the data in Table k for fixed p reveals that 
as the length of the slot increases, which means the value of (t/2H) 
decreases, the ratio a increases. An inverse relation is thus 
cr 
observed between the two variables a and (t/2H). For convenience 
let the dimensionless ratio (t/2H) be defined as 
3 = 2H * 
Tentatively, l e t i t be assumed that the re la t ion between a and ( 1 / B ) 
cr 
is linear for constant values of p. This admittedly is a simplifying 
assumption but the scatter of the points and the amount of data avail-
able at each value of p does not justify a more complicated assumption. 
lUo 
On the "basis of the preceding discussion an empirical relation 
of the form 
cr = a + b ( — cr 
was selected. Values of a and "b for each value of p ̂  0.4 "were 
calculated by a least squares method. This procedure was adopted 
because five data points were available for these values of p while 
less than five data points were available for values of p < 0.4. The 
computer values of a and b are presented in Table 5. From an 
examination of the results it is apparent that both a and b are 
functions of p. The functional dependence of b on p could be 
obtained by curve fitting. It may be noted, however, that the values 
Jk 1. 
of b/p2 = 0.0204 ± 0.0009. For convenience a value of b/p2 =0.02 
has been selected for use in the development of an emperical relation. 
The functional dependence of a on p is assumed to be linear 
and a straight line has been fitted to the points by a least squares 
method. The result of this computation gives 
= 4.18 + I.69 




_ = - £ £ = (4.18 + 1.69 p + 0.02 V ) • (l20 cr 2 
Table 5« Least Squares Coef f ic ien t s 
n\ 
For a = a + "b — J 







b x 10 2 b / p ^ x 10 2 
I .96 1.96 
1.75 1.96 
I . 65 2.13 
i.kk 2.03 
1.255 1.98 
Equation (ik) exhibits the dependence of the quantity K in 
Equation (11) on the geometric parameters p and (3. 
The equation for the actual critical stress may be written in 
the form 
"or - (^ [ ^ + ̂  (1 + °'02 (l*(f)] • ™ 
Figure 19 shows Equation (15) in graphical form for constant values 
of (3. The curves represent Equation (15) while the circles are the 
experimental points for the same values of (3. The agreement is very 
good for most of the points. 
An empirical relation has now been deduced which can be used to 
predict the tensile stress at which a local buckling behavior will be 
encountered around slots in thin sheets. It has been shown that this 
relation gives results which agree well with the experimental results 
conducted as part of this study. The question of whether the relation 
will be valid for other thickness plates and for other models in general 
remains to be examined. The results of several papers will now be 
examined and the empirical relation, Equation (15) 3 will be applied 
to each of the model configurations presented in these papers. 
The work of Bingham [57] has been mentioned several times. One 
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Figuire 19. C r i t i c a l S t r e s s v s . p = — 
Ikk 
and 
2H = 3*0 inches 
2R = 1.5 inches 
t = 0.062 inches 
W = 6.0 inches 
6 
E = 10.5 x 10 psi 
For the above specifications the following parameter values 
apply: 
P = 
2E _ V 5 
2H 3-0 = 0.05 
and 
P = ™ 
t 0.062 
2H 3.0 
= 0.0207 . 
Substituting these values into Equation (15) yields 
cr = 2.69 x 10 psi. cr 
Bingham's experimental result was 
0- = 2.60 x 10 psi, 
cr 
The correlation with Bingham's result is seen to be excellent. 
Another paper mentioned was that of Pellett, Costello, and 
Brock [51]. In this paper the critical stress in an infinitely wide 
plate with a circular hole is determined. The result for the lowest 
calculated buckling mode can be expressed as 
"or = 6 - 8 8 E ( S ) 2 -
Equation (15) for p = 1.0 yields 
»=r =
E ( i ) 2 [5-87 + °-02 (f)] • 
A comparison of a values computed by use of these relations reveals 
that for values of (2R/t) less than 50, the stress predicted by the 
theoretical solution is larger. For values of (2R/t) greater than 50 
the stress predicted by the empirical relation is greater. The range 
of (2R/t) values for the tests conducted for this dissertation was 
60 to 300. Figure 20 shows stresses calculated by the empirical 
relation. Equation (15)5 and the theoretical solution of Pellett, 
Costello, and Brock. 
The last paper which will be examined is that of Dixon and 
Strannigan [̂ -1]. They have presented their results graphically and 
these have been reproduced in Figures 21 and 22. Note that the two 
lines given as Dixon and Strannigan's results in each of these figures 
represent upper and lower estimates of the buckling loads. It has 
already been mentioned that care must be taken when examining these 
r e su l t s not to confuse a s lot length effect with a pla te width effect . 
Again it is seen that correlation between the emperical results of 
Equation (15) and Dixon and Strannigan's experimental results is 
excellent in Figure 21. 
The correlation exhibited in Figure 22 between the empirical 
relation, Equation (15)? and Dixon and Strannigan's thicker models 
(t = 0.79 inch) is not as good as the correlation of the other results 
so far examined. This reveals, by illustration, one of the restrictions 
of the technique used in the study presented herein. It is important 
to realize that the Southwell technique, as developed earlier in this 
chapter, is applicable only to elastic systems or systems in which 
any plastic zone developed is small. For specimens of the same slot 
length and slot height, the buckling stress increases rapidly with 
increasing thickness. For this reason plastic zones in thicker 
specimens will be larger and the degree to which the buckling process 
becomes elastic-plastic increases. Since the only difference in the 
specimens of Figures 21 and 22 is thickness, the emergence of the 
elastic-plastic effect is clear and indicates that the empirical 
relation can not be used to extrapolate into either the very short 
slot length or the thick specimen ranges. Naturally, this restriction 
is more important for cracks than for openings with smaller stress 
concentrations. 
It is still possible, however, to use the technique of Dixon 
and Strannigan to obtain upper and lower limits of the buckling load 
because its response reflects the inelastic behavior. Note that just 
as in the case of the buckling of "short" columns, the buckling load 
of the elastic-plastic system is less than that of a corresponding 
elastic system. The buckling stresses for Dixon and Strannigan's 
0.079 inch thick models were of such a magnitude that there was 
undoubtedly a considerable plastic zone at the ends of the slots. This 
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Figure 20. Critical Stress vs. (l/0) 
for Circular Holes; i.e. p = 1.0 
li+8 
Dixon and Strannigan's [̂ -1. 
Upper and Lower Bounds 
Empirical Relation 
Model Specifications 
t = 0.037 inch 
2R = 0.062 inch 




Figure 2 1 . C r i t i c a l S t r e s s v s . S lo t 
Length t o P l a t e Width Ratio 
1̂ 9 
Dixon and Strannigan's [̂-1] 
Upper and Lower Bounds 
Empirical Relation 
Model Specifications: 
t = 0.079 inch 
2R = 0.062 inch 





Figure 22. Critical Stress vs. 
Slot Length to Plate Width Ratio 
greater than the experimental results of Dixon and Strannigan. 
The question of what effect a finite plate width has on the 
buckling stress has not yet "been resolved and some discussion should be 
included at this point. In a preliminary study of slot buckling 
performed as a Special Problem in the School of Aerospace Engineering 
at the Georgia Institute of Technology [70]? the effect of finite plate 
width was studied. The model contained a centrally located slot and 
the buckling stress was measured as the plate width was decreased. These 
tests covered a range of y = 2H/W of 0.2 to 0.3. No significant 
changes occurred in the buckling stress and it appeared that the tests 
shed no light on the width effect problem. 
Petyt [72] has also examined the effect of finite plate width 
on the buckling stress of tensioned plates containing cracks. This 
was both an experimental and analytical study. The buckling stress 
was determined for plates containing a five inch long, centrally located 
crack with plate widths of 10, 20, and U0 inches. In the experimental 
results the buckling stress for the 10 and 20 inch wide specimens was 
the same while the buckling stress in the UO inch wide specimen was 
greater by a factor of three. In the analytical finite element solution, 
however, there was a continuous increase in the buckling stress with 
increasing plate width. The computed buckling stress in the ^0 inch 
wide plate was approximately three times that of the 10 inch wide plate. 
On the surface this seems to suggest a definite plate width effect which 
would be, in effect, consistent with the observed changes in the stress 
distributions. 
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The validity of this conclusion is questionable, however, for 
several reasons. The experimental and finite element models used by 
Petyt had changing plate widths but the length of the models was fixed 
at 13.5 inches. For the 10 inch wide plates this was probably sufficient 
to be able to assume that the effect of plate length could be neglected. 
In the ko inch wide plate it is doubtful, however, that plate length 
effects can be ignored. 
This observation is supported by some of Petytfs results. In 
his discussion of the finite element method he calculates the stresses 
along the plate centerlines for a cracked, 10 inch wide and 13.5 inch 
long plate. In this case the stresses which he computed are in excel-
lent agreement with the theoretical stresses distribution for an 
infinite plate. However, as Petyt increases the plate width, while 
keeping the length constant, drastic changes occur in the distribution 
and the magnitude of the compressive stresses. Petyt associates these 
changes with the increase in the buckling stress. It is not, however, 
consistent to conclude that as plate width becomes larger (i.e., tends 
toward infinity) the change in the stress distribution becomes less like 
that in an Infinite plate and that this change may be attributed to 
a width effect. The plate width to plate length ratio should also be 
examined in order to be consistent. Thus, although Petyt's results 
may very well be correct for the problem which he solved they are not 
comparable with the problem of interest herein. 
On the basis of the preceding discussion and also on the basis 
of the results of this dissertation, it may be concluded that at least 
for y < 0»5 "the plate width probably has very little effect on the 
tensile buckling stress of thin plates containing holes. The 
predominant parameter in the range examined is the thickness to hole 
length ratio, (3. The shape of the hole is also of major interest and 
is a parameter which influences the "buckling stress. The examination 
of the data presented indicates that Equation (15) accounts properly 
for both the thickness to hole length ratio effect and the shape 




The principal objectives of the research program described in 
the last section of Chapter I have been achieved. The major topics 
examined are given in the following list: 
(1) The general governing equations for the class of problems 
of interest (i.e., multiply connected plates experiencing moderately 
large deflections) were developed and analyzed. 
(2) The stress distribution in infinite sheets with specified 
hole geometries was determined by the use of complex variable stress 
functions. The stress distribution in finite sheets with the same hole 
geometries was determined by the use of two dimensional photoelasticity. 
(3) A parametric investigation was conducted to determine the 
tensile buckling loads in sheets as a function of the geometric para-
meters. 
A summary of the results obtained and the conclusions which were reached 
during this investigation are presented in the discussion which follows. 
In Chapter II of this dissertation the moderately large deflec-
tion plate equations of Karman were extended to include applications 
involving multiply connected plates. The difference between the simply 
and multiply connected versions of the above equations is the existence 
of a set of auxiliary conditions which must be satisfied on each of 
the interior boundaries. These auxiliary conditions arise as a 
consequence of the requirement that the stress function be such as to 
insure a compatible state of deformation. 
A nondimensionalization of the governing equations reveals that, 
although multiply connected plates can he modeled "by materials with 
different values of Young's modulus, the values of Poisson's ratio 
must be equal. This restriction, incidentally, also applies in the 
modeling of simply connected plates undergoing moderately large deflec-
tions. 
An examination of the Karman equations made it possible to 
identify the features of plate stability behavior which can be expected 
to affect the validity and usefulness of an application of an extended 
Southwell method to the problems of interest in this dissertation; i.e., 
buckling of slotted sheets in a tensile field. The Important features 
are the degree to which the bent surface approaches a developable 
surface, the magnitude of the deflection, and the eigenvalue separation 
for the corresponding perfect plate problem. It was shown that if 
appropriate conditions are satisfied, the nonlinear coupled governing 
equations can be replaced by a set of linear uncoupled equations, and a 
Southwell type deflection-load relationship can be derived. 
The conditions involved are related to the extent to which 
stiffening due to middle surface stretching influences the relation 
between the external load and the internal stress response in a given 
problem; i.e., is the response linear or nonlinear? The presence of 
this effect can, fortunately, be evaluated experimentally, and by this 
means, the applicability of the extension of the Southwell method can 
"be checked and controlled. The experimental results obtained indicate 
that if experiments are correctly designed and carefully conducted, and 
if the range of applicability is properly monitored, buckling loads can 
be determined. 
The investigation of the stress distribution in slotted plates 
under tensile loadings revealed two important trends. The first of 
these was that the magnitude of the maximum compressive stress increased 
as the slot length to plate width ratio, y , increased. The second 
trend observed was that for a given hole size and geometry, the size of 
the region of high compressive stress increased as y increased. These 
two trends would both be expected to have a destabilizing effect on the 
behavior of the sheet. The resulting response should be a decrease in 
the tensile buckling loads as y increases. An evaluation of the 
buckling data generated, however, suggests that the buckling stress is 
not sensitive to this effect for the values of slot length to plate 
width ratios less than 0.5. In fact a comparison of trends exhibited in 
the stress distributions with the trends exhibited in the buckling data 
indicates that for the range of parameters investigated, the ratio y 
has little or no effect on the value of the buckling stress. 
This observation proved to be quite important because it made it 
possible to derive a relatively simple empirical relation from the 
buckling stress data. The emperical relation developed for the critical 
tensile stress applied to the sheet is 
Good correlations were observed when this relation was applied to data 
presented "both for experiments described in this dissertation and for 
experiments on other model configurations reported by other investigators. 
The range of applicability of this equation extends from very narrow 
slots, which approach cracks, to circular holes. 
The empirical relation that has been developed is based upon an 
elastic analysis presented in Chapter TV. In cases in which large 
plastic zones are present in the vicinity of the slot ends, the derived 
relation does not, therefore, give accurate results. This will usually 
be the case for very short slots or for longer slots in thicker sheets. 
Naturally, the magnitude of the elastic limit enters into these con-
siderations. In any event, however, the applicability of the formula 
for a particular problem can be checked by multiplying the critical 
stress calculated from the formula by the stress concentration factor 
for the slot (note that the stress concentration factor should be based 
on the total plate cross sectional area). If this value Is less than 
the elastic limit of the material the empirical relation should be 
applicable. For cases in which the computed value exceeds the elastic 
limit, the degree to which the formula can be expected to be useful 
depends on the size of the plastic zone developed at the tip of the slot. 
CHAPTER VI 
RECOMMENDATIONS FOR FUTURE STUDIES 
In this dissertation the tensile buckling behavior In thin 
sheets containing centrally located slots has been carefully examined. 
In the course of the investigation several intriguing points concerning 
this local buckling phenomenon came to light. 
One class of problems which would be interesting to consider is 
the coupled problem formulated in Chapter II; i.e., the multiply 
connected sheet undergoing moderately large transverse deflection. The 
solution of problems of this class would reveal the effect that in-plane 
stretching due to bending has on stress concentration factors. Knowl-
edge of these factors has obvious application in design. In addition, 
these solutions would, of course, also provide a knowledge of load 
versus deflection or extension behavior over the entire range of loading. 
Along the same lines, it would also be interesting to solve the 
related large deflection problem for the case in which the bending 
stiffness vanishes; i.e., the case when the plate is assumed to be a 
membrane. A solution of the membrane problem for the limiting case of 
a crack would provide a check on the theoretical work of Cherepanov [̂ -9]-
Among the shapes other than slots which are of particular inter-
est is the elliptical hole. It has been mentioned previously that the 
magnitude of the maximum compressive stress in plates containing 
elliptical holes is greatly affected by the plate width. Under these 
circumstances it is probable that the conclusions that were reached 
with regards to finite plate width in Chapter IV may, at least in some 
cases, no longer be applicable. 
Solutions to Large Deflection Equations 
Theoretical Solutions 
The set of equations which describes the behavior of multiply 
connected plates has been presented in Chapter II. The solution of this 
set of equations is a formidable task. For the problem of interest here, 
the terms which contain body force and temperature in these equations 
would not be present. The terms that would remain are those that 
involve F and w and their derivatives. 
One possible way of solving the nonlinear coupled plate problem 
is to proceed In a manner similar to Stein [73]. The assumption is made 
that the quantities F and w can be expanded in the forms 
oo 
^ n F = I F(n) * • 
n=0,2 
and 
w = £ w(n) e
n . 
n=l,3 
If these equations are substituted into the relations given in Chapter 
II, a set of linear uncoupled relations can be obtained by grouping 
terms of like powers of e. This type of solution is effective if 
the linear set of equations can be solved. Naturally, consideration of 
the convergence of the sums is necessary. 
Another possible approach to a solution of the coupled nonlinear 
relations would be a successive approximation procedure. In this 
procedure the plate is initially assumed to remain flat and the plane 
stress problem is solved. The solution for the stress function is 
then used in the coupled equilibrium equation to obtain w. The 
stress function is then improved by including the calculated w function 
in the compatibility relations. The process is then repeated until a 
desired criterion of convergence is reached. This type of procedure 
is readily adaptable to approximate methods. 
Wo effort has been made by this author to evaluate the merits 
of the two procedures outlined above for this problem. It Is noted, 
however, that the starting point of both methods is the same; i.e., 
a determination of the uncoupled stress distribution. This part of 
the problem has been solved in Chapter III of this dissertation. 
Experimental Solutions 
A complete solution to the problem of interest in this disserta-
tion is difficult to obtain by experimental methods. In the region of 
primary interest, i.e., in the vicinity of the hole, the plate can 
experience large lateral deflections. Coupled with these deflections 
there will be in-plane stretching which results in a stress distribution 
that is different from that of the undeflected plate. 
In a paper by Rogers, Zielsdorff, and Carlson [7̂ +] a method was 
presented for the solution of large deflection plate problems. Basic-
ally, the method uses photoelastic techniques to solve for the mid-
i6o 
surface stress distribution and displacement measurements to solve for 
the deflection function. Curvatures are obtained "by differentiation of 
the deflection function. The bending moments are found from the usual 
moment curvature relations and thus, from the definitions of the bending 
moments, the bending stresses can be found. 
In reference [7̂ -] a clamped circular plate subjected to uniform 
lateral pressure was considered. The symmetry of such a problem 
considerably simplified the task of obtaining a solution. Comparisons 
of the proposed method with theoretical solutions for the same problem 
were made. The results obtained indicated that the proposed method was 
both more simple to apply and less restricted in terms of deflection 
magnitude than methods of solution which have previously been proposed 
for the given problem. 
It was noted in this reference, however, that the application of 
the proposed technique has restrictions in so far as the photoelastic 
portion Is concerned. The two-dimensional photoelastic techniques 
normally used and the optical theory upon which these techniques are 
based depend on the assumption that the principal stress directions 
are constant through the plate thickness. Often this is not the case 
when lateral bending is present. As a result there will be a retarda-
tion of the light vector due to the optical rotation. The resulting 
fringe pattern is thus not a true indication of the midsurfaces stress 
distribution. 
Even with the above complication, the method proposed can be 
used to solve many practical problems such as the uniformly loaded 
circular plate. In many other problems where the entire midsurface 
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stress distribution cannot "be founds there exist lines of symmetry 
along which the principal stress direction is constant through the plate 
thickness. In these cases it is possible to obtain very useful and 
accurate results along these lines. Often, these lines are within 
regions which are of primary interest. 
For the problem of concern in this dissertation the method 
described above would be applicable along the axes of the plate. 
A model was made with the intention of performing such an analysis. 
The desired results, however, could not be obtained. The reason for 
this was that the slot which was examined had a hole height to hole 
length ratio, p , of 0.10. Also, the model was made of a highly 
sensitive photoelastic material and had a reflective back surface. 
The reflective surface doubles the optical thickness of the plate and 
thus doubles the fringe order at a point. These three factors (i.e., 
the slot geometry, the optical sensitivity of the material, and the use 
of reflection techniques) all had the overall effect of increasing the 
fringe order. It was, therefore, impossible to obtain accurate readings 
near the ends of the slot due to the density of the fringes in these 
areas. 
It is recommended, therefore, that if further investigations are 
conducted along these lines, care should be taken to avoid the above 
difficulties. Changes in procedure based on the above observations 
would be simple to make. 
Effects of Large Deflections 
As the load applied to the plate is increased it has been noted 
that, initially, the stress distribution in the plate remains constant. 
That is, the stresses at all points in the plate are linearly propor-
tional to the applied load. If the plate remains flat, this condition 
would continue until the onset of inelastic behavior. Actually, how-
ever, an imperfect plate will begin to deflect laterally in the vicinity 
of the hole well within the elastic range. 
In Chapter IV of this dissertation the importance of the limit 
of applicability of a linear analysis was discussed. It was shown then 
that the midsurface stress at the location of the strain gages exhibited 
a distinct and significant deviation from linearity. Of course, there 
is also stretching due to bending at other locations in the plate. 
It would be especially significant to establish the effect of 
stretching on the stress concentration factor. Dixon and Strannigan [̂-1] 
have established that the stress concentration factor increases as the 
plate deflects and stretching becomes significant. It is felt that 
further studies are needed in order to establish quantitatively the 
effect of stretching due to bending on the stress concentration factor. 
This noted increase very likely accounts, for example, for the reduction 
in static strength that has been reported in the literature [̂ -1,53] 
when buckling is permitted to take place. 
Another effect of large deflections in tensioned sheets with 
holes is. that the dynamic response characteristics of the sheet change. 
Clarkson [5̂ -] has exploited this phenomenon in order to define a tensile 
load which he identifies with buckling. He noted that as the tensile 
load is increased the dominant natural frequency first increases and 
then decreases. During this initial range, the dominant mode shape was 
that associated with the vibration of the entire plate. At some load 
which Clarkson defines as the buckling load, the portion of the plate 
in the vicinity of the crack changes its mode of response. From this 
point further increases in load are observed to result in an increase in 
the dominant natural frequency of the plate. 
Much more work needs to be done in the area of the dynamic 
response of tensioned sheets with holes. There are other associated 
problems, also, which have yet to be solved. One of the most important 
for the aircraft industry is the effect that local buckling around holes 
may have on fatigue life characteristics. 
In summary then, it is apparent that though this dissertation has 
provided for an improved understanding of the buckling behavior in 
tensioned sheets with holes, the results presented have really only 




Table Al. Midsurface Strain, Series K, 10 inch/inch 
Load, Model Model Model Model Model 
Pounds Kk K5 K6 K7 K8 
0 0 0 0 0 0 
100 10 16 13 15 15 
200 26 37 33 35 28 
300 ^5 60 56 55 ^5 
1+00 62 m 76 76 63 
500 83 106 99 98 83 
6oo 100 130 121 121 101 
700 119 153 ll+2 l l + l 119 
800 138 176 16k 163 11+0 
900 157 201 181+ 183 158 
1000 175 22U 205 205 179 
1100 196 2h6 225 225 198 
1200 213 271 2k6 2l+7 217 
1300 233 291+ 269 270 236 
ll+00 252 318 292 292 25U 
1500 271 3^41 313 3 1 ^ 27^ 
1600 291 365 333 335 2914 
1700 309 389 356 358 312 
1800 328 l + l l 376 381 332 
1900 3^7 ^ 398 1+01 350 
2000 365 1+58 1+20 1+22 370 
2100 383 1+82 1+38 kk2 389 
2200 1+01 505 ^58 h6k 1+09 
2300 1+20 528 1+81 kQ6 1+28 
2^-00 1+1+1 551 501 507 1+1+8 
2500 I+58 575 523 529 1+66 
2600 k7k — 5U5 550 1+76 
2700 h9k — 561+ 569 50I+ 
2800 511 — 585 590 52I+ 
2900 530 — 605 611 5I+1 
3000 5^7 682 626 632 562 
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Table A2. Midsurface S t r a i n , Se r i e s L, 10 i nch / inch 
Load, Model Model Model Model Model Model 
Pounds L3 Ik 15 l£ L7 Ifl 
0 0 0 0 0 0 0 
6o 15 16 20 22 24 19 
100 23 29 34 38 39 37 
120 30 35 4i ^5 45 44 
140 35 1+0 43 52 52 5̂  
160 39 h5 55 59 60 62 
180 h5 53 62 66 67 70 
200 50 58 67 73 73 77 
220 56 63 73 80 79 85 
240 62 68 80 87 85 93 
260 68 75 85 93 92 100 
280 71 80 91 100 97 109 
300 76 85 97 105 104 114 
320 83 92 102 112 109 121 
3̂ 0 86 100 109 118 113 128 
360 90 105 114 124 119 135 
380 97 112 120 130 124 i4o 
400 100 118 126 137 129 148 
420 108 123 133 143 134 152 
1+60 118 136 144 154 146 164 
500 127 147 155 166 153 177 
540 136 157 167 177 164 190 
580 143 168 177 188 174 201 
620 153 18] 187 200 181 213 
660 157 192 197 211 190 224 
700 165 202 203 221 199 234 
740 170 214 216 232 206 245 
780 175 222 227 24l 214 257 
820 180 233 232 250 220 268 
860 186 243 24l 258 226 278 
900 186 252 249 268 234 285 
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Table A3. Midsurface Strain, Series M, 10" inch/inch 
Load, Model Model Model Model Model Model Model 
Pounds M2 M3 M4 M5 M6 M7 M8 
0 0 0 0 0 0 0 0 
60 15 21 13 Hi 13 15 - 2 
100 2k 36 25 2k 2k 25 3 
120 28 43 31 30 31 31 10 
140 34 k9 36 36 36 37 14 
160 38 55 k2 k2 43 43 20 
180 43 61 kQ I49 k7 49 24 
200 k7 66 54 55 53 54 30 
220 50 73 60 60 58 220 33 
240 55 77 6k 65 65 66 39 
260 60 8k 70 71 69 71 43 
280 63 88 75 76 75 77 48 
300 67 92 80 81 80 82 53 
320 69 97 84 86 85 87 58 
340 73 100 89 90 88 91 62 
360 76 103 93 9k 93 96 68 
380 79 106 97 98 96 101 72 
400 80 108 100 100 102 105 77 
420 84 111 io4 104 104 109 81 
kko 85 ii4 106 106 108 113 86 
k6o 86 114 109 110 111 117 89 
48o 90 116 112 113 113 119 93 
500 90 118 n4 115 114 123 96 
600 95 120 119 124 126 134 112 
700 99 118 125 129 131 141 124 
800 99 116 125 130 135 143 132 
900 99 — 126 132 138 145 i4o 
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Tab le Ak. M i d s u r f a c e S t r a i n , N, 10" i n c h / i n c h 
Load, Model Model Model Model Model Model Model 
Pounds N2 N3 NU N5 W6 N 7 W8 
0 0 0 0 0 0 0 0 
20 7 1 3 3 - 5 1 -12 
i+o 17 8 7 7 - 3 6 - 7 
6o 25 Ik Ik 12 3 10 - 3 
80 3^ 22 20 17 8 15 3 
100 1+2 27 27 23 Ik 21 10 
110 1+6 30 31 26 16 2k 11+ 
120 1+9 3k 35 29 19 27 16 
130 ^ 37 ko 32 22 30 19 
1^0 56 39 k2 36 25 33 23 
150 60 1+2 ko 28 35 35 28 
160 62 k2 50 k2 31 38 32 
170 66 ^ 5^ 45 35 1+2 36 
180 68 1+6 58 kQ 39 5̂ 1+0 
190 70 k9 63 52 k2 1+8 1+6 
200 72 50 66 5k kk 51 50 
220 76 5^ 71 59 50 56 59 
2^+0 79 55 76 63 58 6 1 67 
260 81 59 82 68 62 65 75 
280 83 59 86 71 67 71 83 
300 83 62 87 72 71 75 92 
320 — — 88 75 7k 19 101 
3^0 — — 86 75 78 81 110 
360 — — 86 77 80 81 116 
380 — — 85 73 82 82 123 
14-00 — — 82 76 Qk 81+ 130 
1+20 — — 80 75 86 85 135 
1+1+0 — — 78 7k 86 85 139 
1+60 — — 76 7k 85 85 ll+O 
1+80 — — 73 72 85 8I4 11+6 
500 — — 71 72 81+ 81+ 500 
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Table A5. Midsurface Strain, Series P, 10 inch/inch 
Load, Model Model Model Model Model Model Model Model 
Pounds PI P2 P3 ?k P5 P6 P7 P8 
0 0 0 0 0 0 0 0 0 
10 7 3 2 3 5 3 5 8 
20 16 7 7 6 8 6 9 10 
30 22 9 10 8 10 9 13 12 
ko 30 12 15 10 13 11 16 16 
50 33 17 17 11 16 H+ 20 20 
60 38 20 20 Ik 18 17 23 23 
70 1+1 22 25 15 20 19 28 21+ 
80 1+5 25 29 17 23 21 30 27 
90 1+8 30 32 20 26 23 3k 30 
100 49 3 ^ 35 23 29 26 38 32 
110 1+9 37 38 25 32 29 1+2 3*+ 
120 50 1+0 1+1 29 35 32 1+5 35 
130 5 1 kl k5 32 37 35 1+9 37 
ll+0 50 ^5 1+8 35 1+0 39 53 37 
150 50 kl 50 38 k2 k2 % 37 
160 50 50 51 38 k5 k$ 60 1+2 
170 1+9 52 55 i*0 kl 1+7 61+ 1+3 
180 1+8 5>+ 57 k2 50 50 68 +̂5 
190 1+7 55 58 kk 52 53 70 1+5 
200 1+7 57 59 kk 55 56 73 1+8 
220 — - - 62 1+5 60 62 79 51 
2l+0 — — 62 1+5 63 66 85 51 
260 — — 63 k5 67 12 87 53 
280 — — 63 k3 67 78 90 56 
300 — __ 61+ kl 66 81+ 91 57 
1+00 — — — — 60 82 93 1+7 
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Table A6. Strain Difference, Ae, Series K, 10 inch/inch 
Loads, Model Model Model Model Model 
Pounds Kh K5 K6 K7 K8 
0 0 0 0 0 0 
100 17 52 68 67 1+2 
200 35 70 88 96 62 
300 kQ 82 100 113 72 
1+00 59 93 110 129 80 
500 69 103 120 l l + l 87 
6oo 79 112 130 153 85 
700 88 122 ll+O I65 102 
800 99 133 ll+9 178 111 
900 109 llj-3 160 190 117 
1000 116 15!+ 169 203 127 
1100 130 167 178 217 136 
1200 H+l 179 188 229 l l f2 
1300 15k 192 200 2l+5 152 
ll+00 168 208 213 258 162 
1500 181 221 226 273 17l+ 
1600 199 238 2^+0 291 188 
1700 211+ 255 255 309 200 
1800 232 272 272 328 211 
1900 252 29!+ 290 31+8 226 
2000 271 318 309 369 2l+l 
2100 29^ 3̂ 4-3 327 389 255 
2200 319 369 31+9 1+13 271 
2300 3hk 398 376 1+1+0 290 
21+00 378 1+30 1+03 1+67 309 
2500 1+09 1+67 1+3^ 1+9^ 327 
2600 i+Uo — I+69 528 31+6 
2700 1+80 — 501 558 368 
2800 522 — 5^+2 598 390 
2900 570 — 582 638 1+20 
3000 620 698 633 682 1+1+7 
171 
Table A7. Strain Difference, Ae, Series L, 10 inch/inch 
Loads Model Model Model Model Model Model 
Pounds L3 Ik L5 l£ L7 L8 
0 0 0 0 0 0 0 
6o 10 8 21 22 1+8 25 
100 15 12 2l+ 31 70 33 
120 19 15 29 37 79 37 
ll*0 23 16 3*+ i a 89 1*0 
160 27 17 37 1*1* 98 1+1+ 
180 32 18 l a 1+7 109 1*8 
200 37 20 h5 50 120 52 
220 1+2 22 h9 5^ 131 53 
2^0 1*8 25 5h 58 ll+2 57 
260 5h 28 59 63 I5I+ 58 
280 6 1 32 6h 68 167 59 
300 68 36 70 7l+ I7I+ 60 
320 76 1*1 76 79 193 62 
3^0 85 1+6 82 85 207 61* 
360 95 51 88 9 1 222 68 
380 107 58 96 98 239 72 
1*00 120 66 106 106 253 79 
1*20 135 67 113 112 267 83 
1*60 160 82 130 128 298 90 
500 186 101 1U8 l l + 8 322 100 
51*0 218 122 170 168 356 110 
580 253 11*1+ 191 191 392 123 
620 290 169 221 217 1*21 138 
700 375 230 278 27I+ 1*98 172 
7^0 1*21 265 312 310 537 191 
780 1*71* 304 360 3^7 572 210 
820 526 3^8 1*00 387 623 238 
860 582 397 1*1+9 1+30 660 268 
900 638 1+1+8 500 I+76 708 303 
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Table A8. Strain Difference, Ae, Series M, 10 inch/inch 
Loads, Model Model Model Model Model Model Model 
Pounds M2 M3 Mk M5 M6 M7 M8 
0 0 0 0 0 0 0 0 
60 22 20 21 i+8 32 1 
100 22 k2 31 35 66 52 2 
120 28 52 38 1+2 78 62 6 
ll+O kO 66 48 53 89 72 10 
160 50 80 58 63 102 83 17 
180 6k 96 71 78 115 95 2k 
200 78 112 81 91 131 108 34 
220 95 132 98 105 147 122 45 
2̂ 0 110 150 111 120 166 137 56 
260 133 17^ 132 140 183 151 66 
280 153 198 149 158 203 168 80 
300 170 226 171 180 224 I87 94 
320 183 258 191 200 245 205 110 
3̂ 0 210 282 211 224 266 222 124 
360 230 30^ 233 248 290 242 i 4 i 
380 263 3̂ 0 261 273 312 264 161 
1+00 285 367 283 297 339 290 177 
U20 310 400 315 328 365 310 192 
kko 33^ k29 338 353 393 335 212 
460 368 k63 368 385 4l8 358 231 
1+80 395 ^90 395 409 450 387 252 
500 420 526 1+27 1*41 482 4ii 272 
600 550 684 565 585 630 556 383 
700 680 838 712 732 771 707 502 
800 805 982 850 874 926 855 638 
900 925 — 992 1015 1070 1010 760 
Table A9. Strain Difference, Ae, Series N, 10 inch/inch 
Load, Model Model Model Model Model Model Model 
Pounds N2 N3 N1* W5 N6 N7 N8 
0 0 0 0 0 0 0 0 
20 25 2 7 l* 0 12 -31 
1*0 ^7 8 9 7 If 18 -33 
6o 68 17 8 9 7 21 -3^* 
80 92 30 11 11 12 25 -35 
100 119 1*8 12 21 17 29 -35 
110 13^ 56 15 27 20 33 -34 
120 11+8 68 18 33 23 39 -33 
130 166 79 21 39 28 1*6 -31 
ll+0 182 92 23 hi 36 52 -30 
150 201 105 30 & IfO 58 -26 
160 220 122 3^ 61 lf8 63 -21 
170 2h0 138 39 70 5̂* 70 -17 
180 256 159 hk 80 63 76 -15 
190 278 179 52 92 70 83 -11 
200 295 200 60 102 79 91 - 8 
220 336 239 82 133 97 112 - 1 
2̂ +0 379 281+ 110 168 119 13l+ 10 
260 1*28 328 153 202 ll*8 163 25 
280 1*72 372 205 238 180 196 1*14 
300 522 If 1 1 260 282 212 225 69 
320 322 322 2l*6 258 95 
3̂ 0 373 358 286 300 123 
360 J+31 If 0 2 322 3̂ 0 153 
380 U78 1*38 362 379 193 
1*00 528 lf8o 398 1*23 235 
1*20 --.. 571 518 ^39 1*68 288 
1*1*0 611 555 1*70 508 336 
1*60 61*8 589 510 550 396 
1+80 687 622 5̂ 9 590 1*1*8 
500 719 655 586 630 500 
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Table A10. Strain Difference, Ae, Series P, 10 inch/inch 
Load, Model Model Model Model Model Model Model Model 
Pounds PI P2 P3 P^ P5 P6 P7 P8 
0 0 0 0 0 0 0 0 0 
10 3 8 3 8 6 10 20 7 
20 20 12 10 12 11 11 22 28 
30 39 15 12 15 15 12 26 38 
ko 60 19 19 19 18 12 30 50 
50 86 22 21 21 19 13 32 60 
6o 118 26 28 26 22 13 35 70 
70 157 32 3 1 29 25 Ik ko 78 
80 202 37 39 32 29 Ik k5 87 
90 239 ^3 kQ 38 31 15 52 92 
100 271 50 55 ^3 35 16 59 .101 
110 306 59 65 k9 38 17 67 108 
120 337 71 75 56 k2 19 75 118 
130 367 83 88 63 k6 20 81+ 120 
ll+0 391 Q Q 101 70 52 2 1 91 12k 
150 i+21 115 117 83 59 22 102 129 
160 kk6 133 137 96 68 2k 112 1+0 
170 ^75 152 157 108 78 26 126 152 
180 ^97 178 180 123 91 28 138 166 
190 522 199 201 ll+3 103 31 157 182 
200 5*+2 225 228 161 120 37 175 198 
220 — 276 206 157 52 213 2>+8 
2^-0 — 325 258 192 68 250 309 
260 — 380 303 2^3 9k 290 1+22 
280 — te6 35^ 300 lifO 332 531 
300 — 1+72 1+02 360 225 385 629 
Uoo — 600 600 58O 978 
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